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Abstract

Structural causal models are a powerful framework for causal and counter-
factual inference, extending the capabilities of traditional Bayesian networks.
These models comprise endogenous and exogenous variables, where the ex-
ogenous variables frequently lack clear semantic interpretation. Exogenous
variables are typically unobservable, rendering certain counterfactual queries
unidentifiable. In such cases, standard inference algorithms for Bayesian
networks are insufficient. Recent methods attempt to bound unidentifiable
queries through imprecise estimation of exogenous probabilities. However,
these methods become computationally infeasible as the cardinality of the
exogenous variables increases, thereby constraining the complexity of appli-
cable models. In this paper we study a divide-and-conquer approach that de-
composes a general causal model into a set of submodels with low-cardinality
exogenous variables, enabling exact calculation of any query within these sub-

models. By aggregating results from the submodels, efficient approximations
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of bounds for queries in the original model are obtained. Our proposal is
able to handle models with variables of any cardinality assuming that there
are no unobserved confounders. We show that the method is theoretically
robust, and experimental results demonstrate that it achieves more accurate

bounds with lower computational costs compared to existing techniques.

Keywords: Structural causal models; causality; counterfactual reasoning;

Satisfiability; Heuristic search.

1. Introduction

Structural causal models (SCMs) with discrete variables [1, 2] are a type
of probabilistic graphical models (PGM) for causal and counterfactual rea-
soning. SCMs enable reasoning about hypothetical scenarios, such as esti-
mating the probability of recovery for a deceased patient in a medical trial
if they had received a different treatment. SCMs consist of endogenous (ob-
servable) and exogenous (usually latent) variables, with endogenous values
determined from exogenous ones through structural equations. Often, the
exogenous probabilities are unavailable due to the lack of data for these
variables. Consequently, many queries are non-identifiable and cannot be
calculated.

One of the first approaches for addressing this problem presented a sys-
tematic technique to derive constraints on a causal query, albeit with expo-
nential growth [3]. Later on, methods for deriving bounds on causal effects [4]
and for approximating credible intervals based on sampling algorithms [5]
where proposed. More closely related to our work is the idea of transform-

ing SCMs into credal networks [6], requiring the solution of various linear



programming problems [7]. However, this approach may be infeasible due
to the large cardinality of exogenous variables. More recently, EMCC was
introduced for approximating the bounds of any non-identifiable query [§].
This involves repeatedly running the expectation-maximization (EM) algo-
rithm [9] to obtain precise specifications of exogenous distributions. Queries
can then be separately calculated and aggregated to approximate the bounds.
The problem with EMCC is that each individual EM run necessitates an ex-
ceptionally large number of iterations to achieve low error.

Recently [10] we introduced the Divide and Conguer for Causal Com-
putation (DCCC) method, which integrates elements of the two previously
mentioned approaches. It aims to obtain precise specifications of exoge-
nous distributions, from which any query can be calculated. DCCC reduces
SCMs by removing certain exogenous states, transforming the SCMs into
collections of less complex models. Then, various linear programming prob-
lems with unique solutions are solved in the reduced models. This paper is an
extended version of the conference paper [10]. We now introduce the method-
ological results that guarantee the theoretical soundness of DCCC, generalize
the method to non-binary variables and carry out additional experiments.

The remainder of the paper is organized as follows. Section 2 contains
the fundamental definitions and notation related to SCMs and counterfactual
reasoning. The characterization of SCMs as Bayesian networks where the
conditional distributions contain imprecise probabilities is described in Sec-
tion 3. The theoretical contributions of this paper are contained in Section 4,
while Section 5 is devoted to the experimental evaluation of our proposal.

The paper ends with conclusions and future research lines in Section 6.



2. Background

2.1. Basic notation

With respect to the general notation, upper-case letters are used to denote
random variables and lower-case for their possible values (or states). That
is, given a variable V', v is an element of its domain, denoted by . We
assume that all the variables are discrete. Similarly, V. = {V},V5,...,V,,}
denotes a set of variables and v a joint state of its domain Qv = Xy evQy.
For simplicity, variables are omitted from assignments when their context is
clear. For instance, P(V = v) can sometimes be denoted simply as P(v). In
a directed graph, Pay are the parents (i.e., the immediate predecessors) of

V. The notation P is used to denote empirical distributions.

2.2. Structural causal models

Structural Causal Models (SCMs) [1] are a class of probabilistic graphi-
cal models (PGMs) used for causal and counterfactual reasoning, consisting
of two types of nodes: endogenous nodes, which represent the internal vari-
ables of the modeled problem, and ezogenous nodes, which represent factors

outside the model. SCMs can be more formally defined as follows [2].

Definition 1 (Structural causal model (SCM)). A structural causal model
M is a 4-tuple (U, V, F, P), where

e U is a set of exogenous variables that are determined by factors outside

the model,

e V is a set of endogenous variables {Vi, V5, ..., V,} that are determined
by other (exogenous and endogenous) variables in the model, i.e. by

variables in UU 'V,



e Fisaset of functions { fv,, fis, ..., fi, } called structural equations (SE),
such that each of them is a function fy; : Qu, U Qpa,, — Qy;, where
Pay, € V are the endogenous variables directly determining V; and

U, C U are the exogenous variables directly determining V;,

e P is a set of probability distributions P(U) for each U € U.

The structural equations F define a directed acyclic graph (DAG) G,
referred to as the causal graph of the model, where the nodes correspond to
the variables in UUV. The domains of both the endogenous and exogenous
variables are assumed to be finite and discrete. A discrete exogenous variable,
taking values on a finite set of unobserved states, is enough to represent all
counterfactual distributions [5].

When the distributions for the exogenous variables are not known, we re-
fer to the model as a partially specified SCM, denoted by calligraphic letters,
such as M. In contrast, if all such distributions are provided, the model is
considered fully specified and is denoted as, e.g., M. If it is not explicitly
stated whether a model is fully specified or not, the most general repre-
sentation is used, namely M. As an example, consider the SCM shown in
Figure 1, which models a drug study involving 700 patients [11]. The causal
graph on the left includes the endogenous variables V. = {T', S}, represent-
ing the treatment and survival, respectively. The goal is to analyze whether
receiving treatment (7' = 1) contributes to survival (S = 1). Meanwhile,
U = {V,U} represents the set of exogenous variables, which are assumed to
be root nodes, with endogenous variables as their children.

The SCM depicted in Figure 1 assumes unconfoundedness, meaning that

there are no unobserved confounders, i.e., no unobserved common causes of
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Figure 1: Elements of an SCM: (left) causal graph, (center) structural equations and

(right) empirical distribution computed from the data.

the treatment and the outcome. Such an SCM is termed Markovian [12].
Graphically, this indicates that each exogenous variable has only one en-
dogenous child. In this paper, only Markovian models will be considered.
Figure 1 (center) shows the SEs fr(V) and fg(7T,U) as deterministic
CPTs of the form P(T|V) and P(S|T,U), characterized by containing only
ones and zeros. If not provided from expert knowledge, SEs can be auto-
matically inferred from the causal graph, without any loss of generality, via
a canonical specification. This is the case of the SEs shown in the example,
where the states of an exogenous variable will then represent all possible de-
terministic mechanisms between its children and their respective endogenous
parents. Conversely, under the non-canonical specification, some of the ex-
ogenous states are assumed to be impossible and directly omitted from the
CPTs. In a Markovian model, the cardinality of each exogenous variable U
is at most |Qy|'*x!, where Y is its only child and X the set of endogenous

parents of Y. For the canonical models we are interested in this paper, we



have that |Qy| = [Qy 9],

When doing inference with an SCM M and a dataset D, typically only
observations for the endogenous variables are available. For example, in the
model under consideration, it is possible to calculate from D the empirical
distributions P(T") and P(S|T) with the values shown in Figure 1 (right).
The task of doing inference in a partial SCM given a dataset involves es-
timating a set of fully-specified SCMs that are compatible with the data.
This idea, which is fundamental for our method, is extended in the following

section.

2.3. Counterfactual reasoning

Typically, performing probabilistic inference in PGMs involves comput-
ing the posterior probability distribution for a set of variables of interest
given evidence about some other variables, which is called the observational
query. Causal reasoning usually involves handling hypothetical scenarios in
which the probability of a variable given that we intervene on another can
be computed, which is called an interventional query. This is achieved using
the so-called do calculus [1], which requires us to introduce the intervention
operator, denoted as do(-), which means that some variable is forced to take
one specific value.

In a more general setup, counterfactual inference allows handling scenar-
ios in which the same variable can be both observed and subject to interven-
tion. In what follows, if x is a possible value of a variable X, we will denote
by 2’ the complement of . We will denote by Y, = y the event consisting
in variable Y taking value y in a scenario where X is intervened to take the

value x. A counterfactual query P(Y, = y|X = 2/, Y = 4/) represents the
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probability of event y occurring in a hypothetical scenario where the variable
X is intervened to take the value x, given that in reality, events x’ and 3’
occurred. The notation Yx_, or simply Y, denotes the variable Y in the
hypothetical scenario, whereas variables in the reality remain with the name
unchanged.

Typical counterfactual queries are related to the abstract concepts of
necessity (when something must occur in order for something else to happen)
and sufficiency (when something is enough for something else to take place).
Note that, in the following definitions, we are interpreting X = x (resp.
Y = y) as X occurring (resp. Y occurring), while X = 2’ (resp. Y = ¢/)

means that X does not occur (resp. that Y does not occur).

Definition 2 (Probability of necessity [1]). Let X and Y be two vari-

ables in an SCM. The probability of necessity is defined as
PN(X,Y) =Py =y |X =2, =y). (1)

PN can be interpreted as the probability that Y would not have taken
value y if X had not taken value x, given that in fact variables X and Y
took values x and y respectively. In other words, it measures to what extent
it is necessary that X takes value z for Y to take value y.

The abstract concept of sufficiency is addressed by the following defini-

tion. It measures the capacity of X taking value x causing Y to take value
Y.

Definition 3 (Probability of sufficiency [1]). Let X and Y be two vari-
ables in an SCM. The probability of sufficiency is defined as

PS(X,Y)=PY,=ylX =2"Y =y). (2)
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The following definition is closely related to PN and PS. It measures how
Y reacts to X, hence expressing to what extent X = x is necessary and

sufficient for Y = y.

Definition 4 (Probability of necessity and sufficiency [1]). Let X and
Y be two variables in an SCM. The probability of necessity and sufficiency

is defined as

PNS(X,Y) = P(Y, = y, Yo = 3/). (3)

The counterfactual queries defined above are wunidentifiable when only
observational data is available [13], which means that their exact value cannot

be computed.

3. Imprecise characterisation

It has been shown [7, 8] that an SCM can be accurately mapped into a
credal network, which essentially is a generalization of a Bayesian network
with an imprecise specification of its parameters [6]. In this context, each
node is associated with a set of probability mass functions known as a credal
set. Specifically, when mapping SCMs into credal networks, the endogenous
observations impose linear constraints on the probabilities of the exogenous
variables. Consequently, we can derive a separate credal set for each exoge-
nous variable, which here will be called the solution set, formally defined as

follows.

Definition 5 (Solution set for an exogenous variable). A solution for

an exogenous variable U and a dataset D is the credal set defined as

KU) := {P(U) : Y P(u)- P(Y|X,u) = P(Y|X)} (4)

uEQy



where Y is the only child of U, X the set of endogenous parents of Y and
P(Y|X) is the empirical distribution computed from D.

In other words, KC(U) is the convex set of all the distributions over U lead-
ing to the same distribution over the endogenous children after marginalizing
out the exogenous parents. In our setting, we are interested in finding all
these distributions. Each element P(U) € KC(U) will be called a solution for
U. This idea can be extended to an SCM as follows:

Definition 6 (Solution for an SCM). A solution for a partially-specified
SCM M with exogenous variables U given dataset D is a set of distributions
{P(U)}v.u where each P(U) is in K(U), i.e., it is a solution for the given

exogenous variable.

Example 1. For the model M and the empirical distribution (from a dataset
D) shown in Figure 1, there is a unique solution for variable V', namely
K(V)={P(V)=[0.337,0.663]}. On the other hand, solutions for U are all
the distributions that are convexr combinations of Py(U) and Py(U), defined
as

U up Up U3 ug U Us U3

P =To323 0130 0 o0538] P2(U):[O 0.462 0.323 0.215

solving the set of equations

P(ug) + P(u1) = 0.462
P(uz) + P(uz) = 0.538
P(uo) + P(uy) = 0.323
P(uy) + P(u3) = 0.677



Intuitively, each fully-specified SCM that is a solution is also a model that
could have produced the available endogenous data. Thus, we can introduce

the following solvability condition:

Definition 7 (Solvable SCM). A partially-specified SCM is solvable for
a given dataset D iff there exists a non-empty solution set K(U) for each

exogenous variable U € U.

In other words, a partially-specified SCM is solvable (for the available
endogenous data) if there exists at least one distribution for each exogenous
variable satisfying the linear constraints. When this happens, it is said that
the dataset is M-compatible [8]. Frequently, the solution for an SCM will not
be unique, and hence it is required to define a solution set for an SCM as

follows.

Definition 8 (Solution set for an SCM). A solution set for a partially-
defined SCM M given dataset D, denoted Sy p, is the set of all the fully-
specified SCMs such that P(U) € K(U) for each U € U.

That is, each SCM contained in Sy p is a solution for the given dataset
and partially-specified SCM. This set can be represented as a credal net-
work where each exogenous variable has associated a credal set as defined
by Equation (4) whereas the endogenous variables, instead of a credal set,
have associated a single conditional distribution corresponding to the SEs.
Intuitively, this particular model represents all the fully-specified SCMs that
might have produced the available endogenous data. Typical counterfactual

queries in an SCM are probability of necessity (PN, Definition 2) and the
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probability of sufficiency (PS, Definition 3). For further details see [1, 14].
Any counterfactual query gasp can be transformed into a query in the credal

network defined as

qmo = {qu | M € Smp}, (5)
where ¢y is the same query, but computed in each fully-specified SCM M
that is a member of the solution set. In practice, the previous set of queries
will be summarized by the lower and upper bounds:

min gy, max qa| - 6
MeSpmp  MESmp ©)

Example 2. In the context of the running example, the set of models con-
tained in Sy p is any fully-specified SCM where P(vg) = 0.337, P(v;) = 0.663
and P(U) is a convex combination of Pi(U) and Py(U). Then PS is bounded
to the interval [0.301,1.0].

4. The divide and conquer algorithm

4.1. Model reduction

The underlying idea of our method consists of transforming a complex
SCM into a simpler one with exogenous variables of smaller cardinality. The
transformation proposed is essentially the removal of some states from ex-

ogenous domains, namely a reduction', which can be defined as follows.

Definition 9 (Reduction operator). Let M be a partially-specified SCM

whose set of exogenous variables is U and let u € Qy with U € U. Then the

'What we call reduction in the following is sometimes referred to as branching in the

optimization literature.

12



reduction operation, denoted R(M,u), produces a new partially-specified

SCM M’ by removing assignments from F and P in M for which U = .

This reduction operation will be applied to various states of the different

exogenous variables, i.e., to a set defined as Ay := {u(i)}zﬂ s.t. u® e Qp

=1
and U € U. For simplicity we can recursively define this as R(M, Ay) =
R (R(M,u), Ay \ {uM}). The reduction operation R(M, u) is equivalent
to imposing the constraint P(u) = 0 on M. Thus, when looking for the solu-
tion set of a reduced SCM, we can equivalently look for all the solutions from

the original solution set that are consistent with that constraint. The follow-

ing theorem simplifies calculating the set of queries given in Equation (5).

Theorem 1. Let M be a partially-specified SCM, and D an M-compatible
dataset. Let Ay be a set of possible values of some variables in U. If M’ =
R(M, Av) is solvable for D, then it holds that Sy p C S p-

Proof. Any fully-specified model contained in Spy(p by definition satisfies
the linear constraints specified in Equation (4) for each U € U. The same
constraints are satisfied by any member of Sy¢ p. Additionally, any fully-
specified SCM in the latter set also respects the additional constraints im-
posed by R(M, Ay) stating that P (u”) =0 on M for all Ay = {u}1,
st u® € Qp and U € U. Given that the set of constraints associated to
Smp is a subset of those associated to Sy p, it holds that if M € Syyp

then M € Syp, and the result follows. O

Corollary 1. Let M be a partially-specified SCM, and D an M-compatible
dataset. If M' = R(M, Ay) is solvable for D, then it holds that gayp C

qmM,D-
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Proof. According to Equation (5), and taking into account that, as stated

by Theorem 1, Syyp C Sup,

g ={qu | M €Smp} S{au | M € Smp} = qup-
Il

Example 3. If the reduction R(M,usy) is applied to the running example,
the solution set for U is K(U) = {[P(uo) = 0.323, P(u;) = 0.139, P(u3) =
0.538]} and PS is 0.301, which is the lower bound in Ezample 2.

In practice, it is not necessary to compute all the elements in Sy p. We
will only consider the eztreme models. These are fully-specified SCMs where
each P(U) is an extreme point of K(U). Formally, we define an extreme

model in Sy p as follows:

Definition 10 (Extreme models). Let M, € Sy p. We say that M, is an
internal model in Sy p if there exist two fully-specified SCMs M7, My € Sypp

and a real number A € (0,1) s.t.
Py(u) = AP;(u) + (1 — A\)Py(u), Vu € Qy,

where we use P;(U) to denote the probability distribution allocated to the
exogenous variables by model M;, ¢ = 0,1, 2. Finally, M is extreme in Sy p

if and only if it is not internal in Sy p.
The following result shows that it is enough to explore the extreme models

when computing bounds for any probability P(u),u € Qy.

Theorem 2. Let M be a partially-specified SCM and D be an M-compatible
dataset. It holds that for any u € Qu upper and lower bounds for P(u) can

be found by exploring only the extreme models in Sy p.

14



Proof. The upper and lower expectations E[Z(U)] = infpcs,, ,{Ep[Z(U)]}
and E[Z(U)] = SUPpes,, »1LP[Z(U)]} of any real function Z(U) in a set of
probability mass functions Sy p are achieved in extreme points of the convex

envelope of Syp [15, Th. 7.9.3]. Note that, by definition of expectation,
Ep[Z(U)] = X yeqy Z(0)P(u).

Consider a function defined as

1 ifx=u,
Zu(x) =

0 otherwise,

for all x € Qyy. Then it holds that for all u € Qy,
P(u) = Ep[Z4(U)].

On the other hand, it is clear that E[Z,(U)] < Ep[Z4(U)] < E[Z4(U)]
that, by denoting P, and P* the probability mass functions corresponding

to E and E respectively, means that

Ep,[24(U)] < Ep[Zu(U)] < Ep+[Zu(U)] = Pi(u) < P(u) < P*(u),
where P, and P* are extreme points in Sy p according to Theorem 7.9.3
in [15]. O

The extreme models can be obtained from a proper reduction, as stated

in the following:?

Theorem 3. Let M be a partially-specified SCM, and D an M-compatible
dataset. If Spim,ap)p contains a single model M, then M is an extreme

SCM in SMJ).

2This result follows directly from polytope theory, but we re-establish the result here

to ensure consistent notation.
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77777 \\ P, = _((—)7 Yas 3(1)
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Figure 2: Visualization of the solution space. We restrict ourselves to solutions (z,y, z) €
R? for easier visualization. Sy, p (purple line) is a linear subspace on the probability sim-
plex (shaded area). The two extreme models in Syq,p are named pg and p,, respectively.
o defines an internal point on Spq,p, with an e-ball of alternative models surrounding it.

See Theorem 4 for context.

Proof. It follows from Theorem 1 that M € Syip. Now, assume M is not
extreme in Sy p. Then there exist two models M; and My so that the distri-
bution over the exogenous variables in M are given by a convex combination
of the same distributions in the models M; and M,. As probabilities are
non-negative, it follows that whenever P(u) = 0 for a specific u € Qy in M,
then the same must be true for M; and M, as well. Therefore, M; and M,
have all the zero-allocations in their representations of P(U) as M has, and
M; € Spim,ay),p for j =1,2. This is a contradiction, since Sg(a,ay),p only

contains a single model. It follows that M is extreme in Sy p. m

The reverse is also true, and we will later use that to show completeness

of our approach:
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Theorem 4. Let M be an extreme SCM in Spp. Then there exists a re-

duction R(M, Au) s.t. M is the single model in Sgpiam,ay)p-

Proof. Consider an SCM M € Suyp, and focus for simplicity on one ex-
ogenous variable U € U with states {u(j)}. As M € Spy,p, it follows that
Py (U) is a solution to Equation (4), a linear equation system with r rows
and ¢ columns; the system has rank p < r < ¢ (cf. Theorem 5). We will
first show that an extreme model M € Sy p can have at most p non-zero
elements. Assume instead that Py(U) has p 4+ k non-zero entries, k > 0; we
drop the zero-elements from the equation-set. Note that since Pp(U) is a

solution to Equation (4), it can be written in the general form
Py(U) =po + a'E, (7)

where pgy denotes the particular solution, and E = [e; ... ex] holds the basis
vectors of the associated null-space, see also Figure 2. Since the null-space
is a k-dimensional subspace of R***  there is a unique solution o = g of
Equation (7) that defines Py (U). However, as Py(U) is non-zero in all p+k
dimensions, any model defined by an « in the e-ball around o = « is also
a solution of Equation (4), and thus in Sy p. In particular, define 1 to be
the (p + k)-vector with all elements equal to 1, and consider both M; at
a=o)—0-1and My at @« = g+ 0 - 1. Both models are in Syp for
sufficiently small 6 > 0, and since M = § (M, + M), it follows that M is not
extreme in Syqp. This is a contradiction, thus Py (U) has at most p non-
zero elements. Finally, by defining Ay to hold the states where Py (ul) =0
(there are at least ¢ — p such states, we select ¢ — p of them arbitrarily if

there are more), R(M, Ay) defines a full-rank linear equation system, and

17



Example 4. Consider again our running example. The solution space can

be written as
Sup={PU)=p|p=po+a-e}

with po = [0.323,0.139,0,0.538] ", e = [—1,+1,+1,—1]", and a € [0,.323].
The two extreme points [0.323,0.139,0,0.538] " and [0,0.462,0.323,0.215]"
are found by setting a = 0 and o = .323, respectively.

Notice how we are able to recover all the extreme points of our running
example also in Example 4. This is a consequence of Theorem 4, which states
that all extreme points can be found by looking for the associated reduction
sets Ay. Our strategy in the following will be to look for these reductions,
and it follows from the theorem that we can do so without endangering the

exactness of our approach.

4.2. SCMs with binary endogenous variables

The most general specification of a Markovian SCM M lets each endoge-
nous variable Y have a single exogenous parent U with states that index all
the possible deterministic structural equations from the set of Y’s endoge-
nous parents in M to Y. With this general specification, for a dataset D,
any model M that is compatible with D is contained in Sy p. For this most
general SCM M, the size of the state space of an exogenous variable U is
determined by the size of the state spaces of its endogenous child variable Y
and of Y’s endogenous parents X = Pay \ {U}, with |Qy| = |Qy|**]. Let-
ting m = |Qy |, define Qy = {u;};";'. A mapping between the possible
functions f,, from X to Y and states in {2y then completes the definition of

the structural function fy(X,U) = fy(X) in M.

18



Each structural function fy (X, U) of a model M is defined for the isolated
model component X — Y <— U independently of the remaining variables of
the model. Determining the set of IC(U) for exogenous U compatible with D
in turn is independent of the credal sets of the remaining exogenous variables
of the model. In the following, the scope of the discussion is a single model
component X — Y <+ U with credal set L(U). Extending the results to
general models M with |U| > 1 is straight forward, repeating the process
described for each exogenous variable U that is part of the model.

Assume for now that all endogenous variables have binary state spaces,
such that |Qy| = 22" with n the number of endogenous parents of endogenous
child Y of exogenous U. A structured approach to defining a consistent
mapping from u; to f,, is defined as follows: For a specific ordering (x;)%",
of the 2" states of the endogenous parents X, the function indexed by wu; is
given by the binary encoding of ¢ to 2" digits, such that the digit at position
j corresponds to the output y of f,,(x;). If n = 2, with the order of states
for X = (X1, X3) as ((0,0),(0,1),(1,0),(1,1)), ug is defined by binary string
010 = 0000, such that fy (X7, Xo,ug) = 0 for all four input states. For
us, 310 = 0011y defines fy (X1, Xo,u3) = Xj, i.e. for the first two states
(0,0),(0,1) of X7, X5, the output is 0 and for the next two states (1,0), (1,1)
the output is 1. Tables 1 and 2 detail the complete mapping for the case
where Y has one endogenous parent X, and where Y has two endogenous
parents X, X, respectively.

Given this definition of fy(X,U), the credal set K(U) is now defined by
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X |y v P(Y|X)
Ug | Uy | ug | ug
0] 0 | 1]1]0]|0]|PY=0X=0)=P(up)+P(u)
0 1 0|0 |1 |1 PY=1X=0)=P(ug)+ P(us)
1 0O |[1]0[1]0]|PY=0X=1)=P(u)+ Plua)
1 T Ol 1]0]|1|PY=1X=1)=Pu)+Pus)
fuX)=]0|X|X]|1

Table 1: A canonical specification of 0y when endogenous child Y of U has one endogenous
parent X. For columns with header u;, a 1 indicates that the function f,,(X) =Y as
defined in the respective column is consistent with the pair of values for X,Y as listed in
the respective row, i.e. that Y takes on its value with probability 1 given the value of X and
U. Conversely, a 0 indicates 0 probability of the value combination in question. While the
complete table shows probabilities of all state combinations, this can be translated into the
corresponding binary representation column-wise by selecting the Y-value of probability
1 for each pair of consecutive rows. The bottom row summarises the functions defined.

The rightmost column shows the resulting linear equations defining the credal set K(U).

the following linear system:

Z P(u) = P(Y = y|X =x%;), wr € Q,x; € Qx, (8)
ueQ"

with u; € Q{]k if position j in the binary encoding of i equals y; (See the
rightmost column in Table 1 for an example). Note that, since we are con-
sidering binary endogenous variables, 2y = {0,1} and Qx = {0,1}". This
linear system is underdetermined with 22" unknowns, such that there are in-
finitely many solution models M for M, for which D is M-compatible. Now,
consider reductions R for which the resulting model M’ = R(M, Ay ) has a
single solution M. The following theorem bounds the size of the domain of
an exogenous variable U’ of a reduced model M’ for which the linear system

has a unique solution:
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Xi1| Xo| YV U P(Y|X1,X2)
) ‘ uy ‘ U2 ‘ us ‘ uq ‘ us ‘ Ug ‘ ur ‘ ug ‘ ug u14 ul]l u14 u14 uM‘ U1y
0 0 0 1 1 1 1 1 1 1 11000 0 0 0 0 0 P(Y =0|X1 =0, X2 =0)
001 olofjofoj|ojofofo |1 |1 |1 |1 |1 |1 |1 |1]| PYy=1X1=0X2=0)
0 1 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 P(Y =0|X; =0,X3=1)
0 1 1 0|00 ]O 1 1 1 1 0010 0 1 1 1 1 P(Y =1|X1 =0,X3 = 1)
1 0 0 1 T1/]0|0|1T|1|O0OjO0O|1T]|]1T|0]|O 1 1 010 P(Y =0|X1 =1, X5 =0)
1 0 1 010 1 11001 1 10|01 1 0 0 1 1 P(Y =1|X1 =1, X2 = 0)
1 1 0 1 0 1 0 110 1 0 1 0 1 0 1 0 1 0 P(Y =0|X; =1,X5 =1)
1 1 1 ofrjojrjof1y0f(1j0}|1]|0 1 0 1 0 1 P(Y =1|X1 =1,X2 = 1)
X4l X1 X X1 X X4 X3 X1 X4 X
JoXi,X2)= |0 | A | A| X A | X &|VI|A|B| XV |XeyfV]|V]1
Xy X9 X2 Xo Xof X9 X9 Xy Xo| Xo

Table 2: A canonical specification of 2y when endogenous child Y of U has two endogenous
parents X; and X5. The table is read analogously to Table 1. The probabilities in the
rightmost column are again the sum of the probabilities of all u; for which the respective

column evaluates to 1.

Theorem 5. Let M be a partially-specified Markovian SCM with binary
endogenous variables, and D an M-compatible dataset. For an exogenous
variable U with endogenous child variable Y in M, let n denote the number
of endogenous parents of Y. If a reduction R is applied to M returning M’
such that the resulting linear system defining IC(U’) has exactly one solution
M for D, then |Qu/| < 2™+ 1, where U’ is the image of U under R.

22" 1
Proof. The equation Z P(u;) = 1 along with {P(Y = 0|X = x;)}3_,
i=0
({P(Y = 1|X = x;)}2_, being dependent given ), P(u;) = 1) together form
a system of 2" + 1 independent linear equations. For a number of unknowns

after reduction |Qg/| > 2™ + 1, the system solution space is infinite. O

Such a model reduction R, for which [KC(U’)| = 1, effectively reduces
the number of unknowns in {P(u;)}icq, by fixing 22" — (2" + 1) of these

21



probabilities to be 0. If the unique solution of the resulting linear system
given data D respects P(u;) > 0 and ). P(u;) = 1, then this solution is a
model M € Syp, for which gas € gup. From Theorems 3 and 4 it follows
that M is an extreme model, and that all extreme models in Sy p belong to

a subspace M’ = R(M, Ay) with |Ay| = 22" — (2" + 1).

4.3. Satisfiability

Algorithm 1 outlines the steps of the process of finding fully-specified
SCMs given a partially-specified model M and a dataset D, where Line 4
corresponds to finding a reduction such that the resulting model has a unique
solution. Now, Theorem 5 states that such a reduction R may reduce the
complexity of the model to be solved significantly in replacing variable U,
for which |Qy| = 2%, by U’ with |Qp:] < 2" 4+ 1. However, the space of
) distinct R’s, for which U’ has

22"

possible reductions consists of a total of (2n 1

the required domain size 2" + 1. Moreover, out of this set of reduced models,
only a potentially small subset will be consistent with a given dataset D.
Thus, this search is not straightforward when n grows.

A connection to the satisfiability problem is introduced next. Defining a
new set of variables {z;}7,' such that

True if P(u;) > 0,

Zi =
False if P(u;) =0,
a Conjunctive Normal Form (CNF) formula may be formed from the left
hand side expressions of the equation set given by Equation (8). For each sum
> ueqik P(u), a disjunction clause over the variables in the corresponding set
U

{z :ist. u; € QF} is added to the CNF formula, such that the complete
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Algorithm 1 Solution enumeration

Algorithm 2 Inference

input: M (partially-specified SCMs), D (endoge-
nous dataset), N (number of runs)
output: § = {M;,M,,..., My} (set of fully-
specified SCMs)
1S+ 0
2: forie {l,...,N} do
3: for U €Udo
4 Find a Ay C Qp s.t. M’ = R(M, Ay) has
a single solution for U.
5: P'(U) « solve U in M’ given the data D.
6: end for
7. M; « build an SCM with {P'(U)}veu.
8 S+« SU{M;}
9: end for

10: return S

in

put: S (set of fully-specified
SCMs), ¢ (causal or counter-

factual query)

output: bounds of ¢

1

2

3:

:q<—@

: for M eS8 do
q < qU{qu}

end for

return (min(q), max(q))

formula is the conjunction of all 2-2" disjunction clauses. For n = 1, the com-

plete equation set as shown in the rightmost column of Table 1 corresponds

to the CNF formula g(z) = (20 V 21) A (22 V 23) A (20 V 22) A (21 V 23). Now,

in order for any subset {P(u;)}iez,|Z| = 2™ + 1, to solve the linear system

given by Equation (8), the variables in {z; }icz set to True must be a solution

to the corresponding CNF formula g(z). If not, P(u) = 0 Yu € Q" for some

pair of values x;,y;, which in general will violate Equation (8). Thus it is

only necessary to consider Z such that g(z) is satisfied, to be possible model

solutions of the linear system.

Thus, Line 4 of Algorithm 1 may be accomplished by first finding a set
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{zi }ier that solves g(z), and only then solving the linear system, by setting
all {P(u;)}70" \ {P(u;) }iez to 0 and then inverting the resulting (2" + 1) x
(2" + 1) square matrix. If this unique solution satisfies >, ; P(u;) = 1
and P(u;) > 0,Vi € Z, the solution corresponds to a fully-specified model
M € Syp, of which gy lies in g p to be approximated. Algorithm 2
details the approximation of g p given a set of fully-specified models found
by Algorithm 1.

For n = 1, all subsets of {P(u;)}3_, of size 2! + 1 = 3 correspond to
subsets of {z;}3_, that satisfy g(z), and the 3 equations given by Equation
(8) may be solved for each of the (2212;) = (3) = 4 possible subsets, such
that a solution model M € Sy p is found if the solution corresponds to a

probability distribution.

Example 5. There are four possible reductions R(M,u;) fori € {0,1,2,3},
for variable U of model M of Figure 1. With data D of Figure 1, the solution
set K(U) for R(M,uy) is as shown in Example 3. The reduction R(M, uy)
returns a model with the solution set IC(U) = {[P(u1) = 0.462, P(uy) =
0.323, P(u3) = 0.215]}, while both R(M,u1) and R(M,us) are models with

empty solution sets for D.

For n = 2, it is no longer the case that all of the size 22 + 1 = 5 subsets
of {P(u;)}12, satisfies g(z). The total solution space of (1°) = 4368 possible
solutions may still be searched exhaustively, tested for satisfiability against
g(z), then tested by solving the equation system for possible solution models.
Note that by Theorems 3, 4 and 5 all extreme distributions P(U) will be ex-
plored if these solutions are searched exhaustively, and the interval returned

will be the true query interval. For n = 3 however, (2?12_:1) = (%) ~ 10',
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and a complete search is no longer feasible. Thus, a heuristics based search
approach is described next, to allow faster retrieval of models in Sy p, based

on ensuring satisfiability of the CNF formula.

4.4. Heuristic-based solution search

Now, instead of testing every possible subset among the ( 2

ot ) possibili-

ties, the approach presented here will generate sets {z; }icz of size |Z| = 2" +1
in such a way that 1) the CNF formula is guaranteed to be satisfied and 2)
the solution for {P(u;)}icz is more likely to be a probability distribution
than a randomly sampled subset. Each P(u;) contributes to exactly one of
P(Y = 0|X = x;) or P(Y = 1]X = x;). Thus for a pair of distribution
clauses, any z; not part of one clause is part of the other. This can be
seen in Figure 3, which shows the CNF disjunction clauses when Y has two
endogenous parents Xy, Xs.

Now, this relationship between the clauses within a distribution may be
exploited in order to generate subsets of variables that satisfy the CNF for-
mula. Specifically, for any collection of exactly one clause per configuration
of endogenous parents x, selecting a set of two or more variables such that
no two variables of the set appear in the same clause will satisfy the for-
mula, due to the inverse symmetry across distributions. See Figure 3 for
an example, where both sets {z7, 211, 213, 214} and {z3, 213, 214} are identified
as CNF-solutions for n = 2 over the clauses for ﬁ(Y = 0|X; = 21, Xy =
x9), Va1 € Qx,, 22 € Qx,.

Furthermore, this can be done systematically such that distinct partial
solutions are generated across all 2" possible sets of clauses. The approach

generates partial CNF-solutions of size m, where 2 < m < 2", but any

25



CNF disjunction clauses H P(Y|X1, X2)

' '
20 Vz1 Vzo Y23|Vz24a Vzs Vzg 27 P(Y =0|X; =0,X3 =0)
28 Vzg Vz10V211V212V213V 214V 215 P(Y =1|X; =0,X2 =0)
20 Vz1 Vzoa Y23V28 Vzg9 Vzi0V211 P(Y =0|X1 =0,X2=1)
— z4 Vz5 Vzg Vzr V212V213V 214V 215 P(Y =1|X; =0,X2 =1)
20 Vz1 Vz4 Vz5 V2zg Vzg V2z12 VR13 P(Y =0|X; =1,X2 =0)
20 Vz3Vzeg Vzr Vz10V211 V214V 215 P(Y =1|X1 =1,X3 =0)
20 Vzoa Vzq4 Vzg Vzg V2zi0V 212 fl;ﬁ P(Y =0|X1 =1,X2=1)
21 Vz3 Vzs Vzr Vzg V211V213V 215 P(Y =1|X; =1,X2=1)

Figure 3: The CNF formula disjunction clauses over variables {z;}!%, when Y has two
endogenous parents X7, X5. Each pair of consecutive rows make up a single conditional
distribution. Conditional probabilities are shown in the rightmost column, with left hand
clauses corresponding to conditional probabilities for Y = 0 given different values for
parents X7, X5, and right hand clauses correspond to conditional probabilities for Y = 1.
Over the set of left hand clauses, two examples of variable sets are circled that both satisfy
the full formula. Both sets {27,211, 213, 214} (in red) and {z3, 213, 214} (in blue) are such
that exactly one of the variables is present in each clause, while the remaining variables

must be present in the corresponding right hand clause.

choice of additional variables may be included in the partial set not affecting
satisfiability, in order to find complete 2" + 1-size CNF-solutions. While
the approach so far guarantees that all solutions Z searched are such that
{zi}iez solves the CNF-formula, the corresponding unique solution to (8)
will most of the times not correspond to a probability distribution. Thus, in
order to focus the search towards the probability simplex, the approach may
consider only some of the 2™ subsets of clauses to build the partial solutions
across. Specifically, clauses may be selected according to their corresponding
probability: For each distribution, choose the clause of lowest probability,

and for this set of lowest probability clauses, build partial solutions. An

26



example is shown in Figure 4.

’ CNF disjunction clauses H P(Y|X1, X2)
20 Vz1 Vza2 Vzz Vzq4 Vzs Vze Vzr P(Y =0|X; =0,X2 =0) =0.95
28 Vzg Vz10\ 211|V212V 213V 214 Y 215 P(Y =1|X; =0,X2 =0) =0.05

20 Vz1 Vzo Vz3 Vzg Vzg V210V 211 P(Y =0|X; =0,X5 =1) =0.78

24 Vz5 Vze Mz7 V212V 213V 214 Y 215 P(Y =1|X; =0,Xo =1) =0.22

20 Wz1|MVz4 V25 Vzg Vz9 Vzi2 V213 P(Y =0|X; =1,X3 =0) = 0.07

29 Vz3 Vzg Vzr Vz10V211 V214V 215 P(Y =1|X; =1,X2 =0) = 0.93

20 W22Vz4 Vzeg Vzg Vzi0V212 V214 P(Y =0|X; =1,X2 =1) =0.39

21 Vz3 Vzs5 Vzr Vzg Vz11 V213V 215 P(Y =1|X; =1,X2 =1) =0.61

Figure 4: The CNF formula disjunction clauses sorted by probability distributions. Clauses
to the left correspond to lowest probabilities. Choosing partial subsets over these clauses
bias the selected variable set such that variables appear more often in high-probability
clauses. Circled in red is the size 4 partial CNF-solution 21 = {21, 22, 27, 211 } and circled
in blue is the size 3 partial CNF-solution Z5 = {21, 29, 215 }. Indeed, for each clause on the
right hand side corresponding to higher probabilities, |Z1| — 1 = 3 of the variables in set
Z, appear, as does |Z3] — 1 = 2 of the variables in set Zs.

This approach biases the search towards solutions that will have more
non-zero components in the equations that sum to probabilities > 0.5, and
similarly fewer non-zero components in equations that sum to < 0.5. The
partial solutions still need to be expanded to 2" + 1 size, which could simi-
larly be approached by favouring remaining variables that appear most often
in higher probability clauses. Note that while a complete search of all ex-
treme solutions satisfying the CNF solution is guaranteed to retrieve the full
interval, restricting the search as described according to observed probabil-
ities no longer guarantees completeness. However, experiments show that
searching by this heuristic ensures good interval approximations when model

complexity renders exhaustive search no longer feasible, see Section 5.
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Finally, note the special case in which P(Y = y;|X = x;) = 0 for one or
more pairs of values (yx,x;) € Qy x Qx. If a conditional probability equals
0, it forces every component of the corresponding sum Zuegg,j P(u) to be
0, and by such reduces the number of equations in the system by 1. Thus
solution sets Z are now to be of size 2". This also affects the CNF formula
in the following way: The disjunction clause corresponding to the equation
in question becomes negated, ensuring no variable part of that clause can
evaluate to True while solving the formula. This similarly extends if more
than one conditional equals 0, reducing both the number of equations and
the size of the set of variables to choose from in search of a solution.

In order for the heuristics-based search to deal with such special cases
most efficiently, for any equation Zueﬂgﬂ- P(u) = 0 part of the system, the
solutions searched are restricted to those containing exactly one variable z;
for which u; € Q’Ej , while keeping the equation as part of the system, such
that P(u;) is solved to be 0 as part of a now still unique solution to the 2"+ 1

equations of the linear system.

4.5. SCMs with non-binary endogenous variables

The approach presented is so far detailed for SCMs with binary endoge-
nous variables only. In this section, the scope is generalized to allow for
discrete endogenous variables of cardinality larger than two.

Again, a solution search is defined independently for each U in the partial
model M. Consider an exogenous variable U with endogenous child Y and
let X be the set of endogenous parents of Y. Assume |Qx| = p, |Qy| = g,
such that |Qy| = ¢*. A standard mapping from values w; in Qy to functions

fu, 1s defined as follows:
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The function indexed by w; is now given by i expressed in the base-q

p
j=1

numeral system, to p digits. Assuming a given ordering of values (x;)”_; for
variable X, the digit at position j in the base-q encoding of ¢ corresponds to
the output y of f,,(x;). If p=2,¢ =4 and {0, 1} is the ordered set of states
for X, ug is defined by 0,9 = 004 such that fy (X, ug) = 0 for both states of
input X. For u; as another example, 719 = 13, defines

1 if X =0,

f Y(X’ u7) =

3 ifX=1.

Table 3 details the complete mapping from w; to f,, when ¢ =4 and p = 2,

with [Qy| = 16.

S I P I P I e e e e il

P(Y =0|X =0)

b
~

P(Y =1|X = 0)

P(Y =2|X =0)

= o o O
= O O O
= O O O

P(Y = 3|X = 0)

P(Y =0|X =1)
P(Y =1|X =1)

P(Y =2|X =1)

= o= = = O O O
W’ O NN R OoOlWw N = O
o O o |0 O O~
o O =B OO0 O O =
S = O OO0 © O =
= O O OO0 O O =
o O o |0 O = O
o O B OO0 O = O
o =~ ©o o|lo o ~ o©
= o O Ol o = O
o O O = |O = O O
o O B OO B O O
o = O OO0 =B O O
= O O O|©o ~» O O
o o o =

o o ~ O

o = O O|= O o ©
= O O O

P(Y =3|X=1)

i (base 4) H 00\ 01\ 02\ 03\ 10\ 11\ 12\ 13\ 20\ 21\ 22\ 23\ 30\ 31\ 32\ 33H

Table 3: A canonical specification of 2y when endogenous child Y of U, with values in
{0,1,2, 3}, has endogenous parent X with values in {0,1}. The table is read analogously
to Tables 1 and 2. As before, probability equations are read from the table as

P(Y = 0|X = 0) = P(ug) + P(u1) + P(ug) + P(us) for the first row, etc. The last row

includes the base ¢ = 4 representation to p = 2 digits of corresponding wu; as consistent

with the table.

With this extended definition for fy (X, U), the credal set I(U) analo-
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gously follows as:

Z P(u) = P(Y = | X = 2;), yr € Uy, z; € Qx 9)
uEQ{]‘k
with Q’Uk ={u; € Qu,i=0,...,|U|-1 s.t. position j in the base-q encoding

of i equals y;}. This is now a linear system in ¢? unknowns.

Theorem 5 is updated below, and bounds, for any partial SCM M with
discrete endogenous variables of finite cardinality, the size of the domain of
an exogenous variable U’ of a reduced model M’ after reduction R(M, Ay)

on M, where the resulting linear system has a unique solution.

Theorem 6. Let M be a partially-specified Markovian SCM with discrete
endogenous variables, and D an M-compatible dataset. For an exogenous
variable U with endogenous child variable Y with endogenous parents X in
M, let p = |Qx| and g = |Qy|. If a reduction R is applied to M returning M’
such that the resulting linear system defining IC(U’) has exactly one solution

M for D, then |Qu| <p-(q—1)+ 1, where U’ is the image of U under R.

Proof. The equation 3.7 ' P(u;) = 1 along with {{P(Y = 4,|X = x;)}/_} -
({P(Y = y,|X = x;)},_, being dependent given ) ; P(u;) = 1) together form
a system of p- (¢ — 1) + 1 independent linear equations. For a number of
unknowns after reduction |2/| > p- (¢ — 1) + 1, the system solution space is

infinite. O

With the number of independent equations in the linear system now at
p-(qg—1)+ 1, the search for extreme models is now restricted to reductions

R such that the image U’ of U under R has |Qu/| < p-(¢—1)+ 1. The space

qP

p(got) +1)' Generalizing the heuristic search

of possible reductions is of size (
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for extreme models in order to allow for non-binary endogenous variables is
straightforward, using the same techniques as before.

The mapping from (U) to corresponding CNF formula g(z) is equivalent
to that described for SCMs with binary endogenous variables (Section 4.3).
As an example, the IC(U) defined in Table 3 can be translated into the
following CNF formula: ¢(z) = (20 V 21 V 22 V 23)A (24 V 25 V 26 V 27)A
(28V 29V 210V 211)A (212V 213V 214V 215)A (20V 24V 28V 212) A (21V 25V 29V 213) A
(22 V 26 V 210 V 214)A\ (23 V 27 V 211 V 215), mapping each P(u;) to z; for all
0 < i < 15. Two example CNF solutions for this formula are shown in

Figure 5.

CNF disjunction clauses H P(Y|X) ‘

z1 Vzo Vz3 P(Y =0|X =0)
z5\V z6 V27 P(Y =1|X =0)

z8 \/29 V|z10|V 211 P(Y =2|X =0)

2194V z13 \/214@ P(Y =3|X =0)

U\/ z4 V28 V212 U P(Y =0|X =1)
z5

5 JV 29 V 213 P(Y =1|X =1)
22 |V z6 V|z10)V 214 P(Y =2|X=1)

z3|Vzr Vz11 215 P(Y =3|X =1)

Figure 5: The CNF formula disjunction clauses corresponding to Table 3. Circled in red
is the size 4 partial CNF solution 21 = {zo, 25, 210, 215 }, circled in blue is the size 6 partial
CNF-solution Z5 = {z1, 22, 23, 24, 28, 212} Removing any variable from either of these two
sets will result in a new set that is no longer a CNF solution. To reach the required size
p-(g—1)+1=2-(4—1)+1=7, additional variables may be added before solving for

possible distributions in 7 non-zero P(u;).

In order to increase the probability of a CNF solution corresponding to a
probability distribution when solving the resulting equation system, as before

the CNF solutions are generated after sorting the clauses according to the
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corresponding observed probability. As each distribution now gives ¢ clauses,
one or more of these may be restricted to contain at most one z; at value True,
while remaining z; will be spread across remaining clauses. By restricting the
number of non-zero components p(u;) in the equations summing to the lowest
probabilities, the resulting system solution is more likely to respect p(u;) > 0.
Generating CNF solutions under such constraints limits the search space as ¢
and p grow, allowing for approximate query bounds where exhaustive search
is no longer feasible.

Appendix A details the CNF solution generation technique used for

model search in the experiments.

5. Experiments

5.1. Benchmark Generation

For validation, we consider a benchmark of 972 randomly generated SCMs
with the three inverted tree topologies shown in Figure 6. The leaf node, de-
noted as Y, is an endogenous variable that can be either binary or ternary
and has a set of binary endogenous independent parents, denoted as Pay.
Thus, each model configuration can be identified by the number of parents
|Pay| € {1,2,3}, and by the cardinality of the leaf |Q2y| € {2,3}. All the
models considered are Markovian, meaning that the association between ex-
ogenous and endogenous variables is one-to-one. Initially, all models are
defined as canonical. However, to introduce variety in the complexity, some
of the SEs are made non-canonical by randomly dropping certain states in
the exogenous variables. After randomly initializing the exogenous distribu-

tions, an M-compatible dataset of 1000 instances is sampled. The reasons
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for selecting these models are twofold: First, since learning is performed in-
dependently for each exogenous variable, the computational complexity does
not increase for larger models with the same maximum in-degree. Second,
for comparison purposes, it is crucial to compute the exact bounds for any
query, which may not be feasible in models with a higher in-degree or greater

variable cardinality.

U- - — — >
UY UXI Xl v :
| S Ui X\
Ux, X, | : - >e—— .
e 4 )‘Y Ux, X, y Ux, X,

Figure 6: Graphs of the SCMs considered in the experimentation.

5.2. Experimental Setup

We compare our method (DCCC) against three alternatives: the exact
linear programming approach proposed in [7]; EMCC [8] using a fixed number
of EM iterations set to 50, 100, or 150; and the Gibbs sampling approach
proposed in [5] with a burn-in phase of 100 iterations and computation of the
full 100% credible interval. For each model and method, the learning process
is evaluated using a varying number of generated solutions (parameter N
from Algorithm 1), ranging from 1 to 70. Recall that a solution corresponds
to a fully specified SCM. For the models with (|Pay| = 1,[Qy| = 3) or
with (|Pay| = 2,|Qy| = 2), DCCC is applied exhaustively, whereas heuristic
search is used for the more complex models. Different queries are considered,

specifically PS and PN, with Y as the effect and one of the parents as the
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cause. The computation time measured includes both the generation of N
solutions and the inference required to compute one of the aforementioned
queries. The approximation error is quantified using the RMSE (root mean
squared error) with respect to the exact bounds.

To complement the results of the main experiments as described so far,
some results from running DCCC heuristic search on more complex models
are included at the end of the section. The setup for these additional exper-
iments is simplified in order to ensure feasible performance evaluation, the
query considered now being P(Yyx,—1 = 1|Y = 0,X; = 0) and the model
structure that of the leftmost graph in Figure 6 only. These experiments
are performed using random generation of empirical distributions P directly.
While more restricted, the results are included to indicate potential perfor-
mance of DCCC heuristic search as model complexity grows out of scope
of comparable methods. As the interval approximations returned by DCCC
are always contained within the true interval, these results are presented in
terms of percentage of interval retrieved.

The benchmark and Python code for replicating the experiments are avail-

able in a dedicated GitHub repository?.

5.8. Results Analysis

Figure 7 shows the average computation time in seconds (i.e., learning
and inference times) for an increasing number of generated solutions, N. The
computation was done in a computer cluster made of 1024 cores (AMD EPYC

7542 32-Core Processor) where each experiment was executed sequentially in

https://github.com/PGM-Lab/2025-IJAR-DCCC
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Figure 7: Average computation time for generating N solutions.
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a single core. In all cases, DCCC proves to be the most efficient approach for
generating each solution, a trend that becomes even more pronounced in the
three-parent case. Additionally, in the one-parent case, the series for DCCC
does not span the entire z-axis. This is because all possible reductions are

analyzed, leading the algorithm to stop early.

|Pay| | |Qy] | Time (sec.)
1 3 43 s.
2 2 199 s.
2 3 2.7-10% s.
3 2 1.5-10° s.

Table 4: Computation time for exact method, compare to Figure 7.

Table 4 reports the computation time of the exact method, which varies
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significantly across topologies. The last two values are extremely large and
are omitted from Figure 7 to improve readability. Instead, Figure 8 presents
the speed up achieved by each method relative to the exact method, demon-
strating that our method is the fastest.

Beyond efficiency, DCCC also achieves the lowest error levels for a given
number of visited solutions. This is illustrated in Figure 9, which presents
the RMSE of the resulting intervals with respect to the exact ones as the
number of solutions increases. Although EMCC could potentially achieve a
similar error with a large number of iterations, doing so would be extremely
time-consuming. Thus, it is informative to analyze error against computation
time, as shown in Figure 10. Here we can conclude that DCCC consistently
approximates the bounds of counterfactual queries more accurately and in
less time than EMCC. Note that some of the data-series in Figure 10 do not
span the entire z-axis. This is because each experiment was terminated as
soon as all possible solutions were visited (DCCC models with |Pay| = 1 and
y =3) or N = 70 solutions were found. Note also that we have truncated
the z-axis in Figure 10 at 50 sec. instead of showing the full data-range
(which is up to approximately 45 min. for the most time-consuming runs).
This was done to make the behavior of the DCCC results clearly visible in the
plots. Overall, the Gibbs sampling approach is more efficient than EMCC
and only slightly slower than DCCC in generating each solution. However,
since each new solution tends to be similar to the previous ones, the resulting
low variability leads to a high error level unless a large number of solutions
is generated.

Finally, to emphasise the potential of the presented heuristic search, some
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Figure 10: Error with respect the exact bounds vs. run time.

initial results are included showing the performance of DCCC on models of
increased complexity, see Table 5. These results are restricted to models
of two endogenous variables only, shown in the leftmost graph of Figure 6.
The domain sizes of both endogenous variables (X; and Y') are varied for
increased model complexity.

The counterfactual query P(Yx,—1 = 1|Y = 0, X; = 0) is chosen for these
experiments, as it is a valid query for all domain sizes |Qy| > 2, [Qx,| >
2. Under the assumed simple model structure, the true interval may be

calculated as

P(Yx,o1 = 1]Y = 0,X, = 0) €
min{l — P(Y = 1|X, = 1), P(Y = 0|X, = 0)}
P(Y =0|X; =0) 7
min{P(Y =1|X; =1),P(Y =0|X; =0)}
P(Y = 0]X, = 0) ’

1—
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Domain sizes Solution space Results

Qv| 9% | |90y Equations ((IQY‘—‘?)U'Tﬂlxl \+1) Interval % Time (s)
2 4 16 5 4368 100.00 0.06
2 6 64 7 6.2-108 100.00 0.47
2 8 256 9 1.1-10% 98.63 15.95
2 10 1024 11 3.1-10% 69.47 60.00
2 12| 4096 13 1.4-10% 8.73 60.00
3 4 81 9 2.6- 10" 100.00 4.23
3 6 729 13 2.4 -10%7 19.43 57.86
4 2 16 7 11440 100.00 0.10
4 4 256 13 2.4-10% 55.16 55.49

Table 5: The table shows the result of interval approximations with DCCC for counter-
factual query P(Yx,=1 = 1|Y = 0, X; = 0), for the leftmost model of Figure 6 with varied
endogenous domain sizes, for randomly generated probability distributions P(Y|X 1). The
number of independent equations is given by (|Qy| —1) - |Qx,| +1). The two rightmost
columns show the interval percentage retrieved and the average time of retrieval. For each
domain size combination, the results are averages across 20 different P(Y'|X1). The search
is terminated once the complete interval is retrieved, or at 60 seconds. Thus, the average
time shown in the result, if less than 60, suggest at least one complete interval is retrieved.
If the interval percentage is 100, the average time is read as the average time to complete

interval retrieval.

for reference when evaluating the approximations.

The results in Table 5 show the interval percentage retrieved in the first
60 seconds of running DCCC (with Apple M1 Max w/ 64 GB memory). The
table details the number of variables (equal to |Qp,.|) and the number of
independent equations of the linear system. For |Qy| = 2,|Qx,| = 8, this
is a system of 9 equations in 256 variables, for which the results indicate

that DCCC in most cases succeed in retrieving the complete interval within
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the first minute of searching for solutions. Increasing the size of the domain
of X; to 12, drastically increases the size of the system, which now has 13
equations in 4096 variables. Despite this huge number of variables, DCCC
initiates interval approximation, and is seen to complete on average 8.73% of

the interval in 60 seconds. Note that in this case, the total size of the search

4096

'3’) ~ 10%. The heuristics employed, while less efficient, still

space is (
succeeds in finding a subset of the extreme models. Here, DCCC benefits by
not requiring explicit representation of the linear system to be solved. The
search instead implicitly respects these equations by the base-|€y| numeral
system function representation (Section 4.5). Only reduced linear systems of
unique solutions are made explicit, which in the case of |Qy| =2, |Qy, | = 12
is 13 equations with 13 unknowns.

Note that while further experiments would be required to determine time
estimates for complete retrieval of query intervals as model complexity in-
creases, all intervals retrieved are contained within the complete interval.
Thus, while incomplete, they contain information about the true model.

The results in Table 5 assume canonical model specifications with maxi-
mum values for {2, , and as such the results reflect a worst case performance
for each domain size combination. The restriction to one endogenous parent
is for the benefit of interval percentage calculations, as exact query bounds
may be calculated. Approximating intervals for more general models is how-
ever expected to be of comparable performance, with a model with a binary
Y having three binary parents X, X5, X3 corresponding in complexity to the
|Qy| = 2,|Qx,| = 8 setting described above, etc.
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6. Conclusions and future work

In this paper we propose a method for bounding unidentifiable queries
in SCMs using a divide and conquer strategy to transform a general causal
model into a set of models with low-cardinality exogenous variables, in which
we can calculate any query using standard Bayesian network inference. Bounds
for the query in the original model are then efficiently approximated by ag-
gregating the results from these smaller models. We have shown in Section 4
that the DCCC method is technically sound, and the experiments reported in
Section 5 validate the hypothesis that the proposed method is more efficient
and accurate than current state of the art.

We envision at least two directions for future research: Firstly, we want
to extend the applicability of the approach to more general model classes,
like SCMs including hidden confounders (i.e. non-Markovian). Secondly,
we intend to delve into novel methods for designing efficient heuristics to
prioritize reductions. By incorporating query-specific knowledge into the

reduction selection process, we anticipate significant performance gains.
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Appendix A.

For running the experiments with the DCCC method presented in the
paper, the model search is based on a CNF solution generator that gener-
ates partial solutions according to the heuristics detailed in Sections 4.4 and
4.5. The generator is implemented based on the following matrix structure

describing a CNF solution:

Q0,0 ap,1 -+ A1
a1,0 1,1 ce Q11
Qp—10 Adp—1,1 -+ QAp—1,c—1

Here c is the CNF solution size, meaning the number of variables z; included
in solution set Z such that no variable may be removed with the remaining
variables of Z still satisfying the formula. For a set of equations defining the
credal set IC(U) for exogenous U of model component X — Y « U, with

Qx| = p, |Qy] = ¢ and |Qy| = ¢, CNF solutions may be generated for any
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cst. g <c<p-(¢—1). Here, the minimum size at ¢ = ¢ means the solution
contains exactly one variable per clause (an example is highlighted in red
color in Figure 5 for ¢ = ¢ = 4), while increasing ¢ will increase the number
of variables present in a subset of the clauses (an example where ¢ = 6 is
seen in blue in Figure 5). For any ¢, every variable z; in the solution will
be the only variable present in at least one of the clauses to ensure that the
CNF solution is irreducible. Having ¢ > ¢ is required for the probability-
guided heuristic, where clauses for which a single z; is part of the solution
are assigned according to low observed probabilities, while clauses for which
more than one z; are part of the solution are assigned for higher observed
probabilities.

To generate solutions of size ¢, let each column in the above defined matrix
correspond to the base-q encoding of the index ¢ of a variable to be included,
thus for each element a,, ., 0 < ay,, < g — 1.

Each clause represents an equation in the set defining IC(U), which in
total has ¢ - p equations. Each clause corresponds to a unique pair (7, k),
with 0 < j <p—1and 0 <k <q¢—1, such that clause (j, k) represents the
equation for observed probability p(Y = y|X = x;).

A generated matrix solution should comply with the following restrictions:

1. Each row must include all digits in {0,1,...,¢ — 1} at least once. This
ensures that the solution represented by the matrix satisfies the CNF
formula. If a digit £ is not present in a row j, then the clause cor-
responding to p(Y = y,|X = x;) is not satisfied, and the complete

formula will not be satisfied.

2. Each column must include at least one element that is unique in its re-
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spective row. This ensures irreducibility of the corresponding solution.
If a variable is removed such that the corresponding column is removed
from the matrix, then at least one row is left incomplete according to

restriction 1.

3. In order to apply the probability guided heuristic, the CNF solutions
generated are restricted to contain exactly one variable appearing in
clauses corresponding to the lowest probability clauses. Restricting a
clause to exactly one variable corresponds to restricting the correspond-

ing digit k to occur exactly once in row j.

The CNF solution generator generates solutions by considering permuta-
tions of the matrix structure under these restrictions, for any given size c.
Next, CNF solutions are expanded to required size p- (¢ — 1) + 1, where the
simplest approach is to include variables at random from the remaining set.
Finally, the z; in the expanded solution are mapped to their corresponding
p(u;) and the unique solution equation set is solved. If the solution to the
equations set corresponds to a probability distribution, this distribution is
returned as an extreme model M and included in the set used for query

calculation.
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