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Abstract

Analyzing the influence of socioeconomy on land use is an important task,
as socioeconomic factors can drive changes in land use that may ultimately af-
fect human well-being. Recognizing the key factors that induce these changes
may help policymakers design more effective strategies for addressing socioe-
conomic alterations on land-use planning, anticipate potential challenges,
and mitigate negative impacts on both the environment and society. While
probabilistic graphical models have been employed for this purpose in the
past, this paper proposes the application of counterfactual reasoning to en-
hance the analysis by quantifying the degrees of necessity and sufficiency of
various socioeconomic factors influencing land uses and population growth.
Specifically, we present a case study using non-experimental data from south-
ern Spain. For this, we propose the use of structural causal models, which
are kind probabilistic models for causal analysis that simplify this kind of
reasoning due to their graphical representation. They can be regarded as
extensions of the so-called Bayesian networks, a well known modeling tool
commonly used in environmental and ecological problems. This proposed ap-
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proach is particularly effective for the identification of social and ecological
variables that can be used in environmental monitoring and planning, offer-
ing key advantages including enhanced interpretability, and ease of adoption
by environmental researchers. Our study reveals that immigration is both
necessary and sufficient for population growth. In addition, built-up areas
and herbaceous crops are favored by non-mountainous terrain and by high
population density, whereas natural areas and mixed crops are supported by
mountainous terrain and by low population density.

Keywords: Counterfactual analysis, Structural causal models, Structural
equations, Bayesian networks, Socioecology, Land uses

1. Introduction

Causal (and counterfactual) reasoning (Pearl, 2009) allows to analyze
cause-effect relationships, which is of fundamental importance for environ-
mental and ecological practitioners and scientists. It can help in the develop-
ment of effective strategies to mitigate or adapt to environmental problems,
such as designing policies to reduce greenhouse gas emissions. This kind of
reasoning can also help to evaluate the impact of different human activities
on ecosystems.

Causal reasoning can typically be formally pursued through randomized
experiments (a.k.a. randomized control trials), in which the variables of in-
terest are intervened. In doing so, a study sample is randomly divided into
one group that will receive the intervention with a given value and another
that will be intervened with an alternative value. For example, in the prob-
lem of determining if a drug has a significant impact on the recovery from
an illness, a group of patients will receive such drug whereas the other will
receive a placebo. However, doing a randomized experiment in the field of en-
vironmental and ecological sciences might be expensive, unethical or directly
impossible. For instance, if we aim to determine the influence of a population
(from a specific species) on the structure and functioning of an ecosystem,
it cannot be completely removed from it (or introduced in a new one where
the population was not originally present). As a consequence, the environ-
mental and ecological data available is usually observational, obtained from
non-experimental studies. Using observational data with traditional statisti-
cal methods might lead to misleading conclusions when it comes to studying
cause-effect relationships. This is because these methods typically rely on



analyzing correlations or associations between variables. This limitation is
also present in many methods within the field of explainable AI (Ribeiro
et al., 2016; Lundberg and Lee, 2017; Chen et al., 2022; Bach et al., 2015),
which aim to identify the most influential inputs for a model’s outcome. In
contrast, counterfactual reasoning focuses on determining what would have
happened if certain inputs had been different.

In line with this idea, this paper aims to analyze the relations of neces-
sity and sufficiency of various socioeconomic factors influencing land uses and
population growth, in the conceptual framework of a socioecological system
(Anderies et al., 2004). Socioecological systems encompass the intricate in-
terplay between human systems and natural ecosystems (Berkes et al., 2003;
Preise et al., 2018). The socioecological system is a complex adaptive system,
with some properties, such as: non-linear dynamics, critical thresholds, tip-
ping points, regime shifts (Scheffer et al., 2012; Hughes et al., 2013; Mathias
et al., 2020; Arnaiz-Schmitz et al., 2023), system memory, cross-scale link-
ages (Parrott and Quinn, 2016) and uncertainty (Biggs et al., 2015). All
these properties are equally important for characterizing socioecological sys-
tems; however, in this work, we focus specifically on uncertainty. In the
socioecological context, land-use changes (integrated in a landscape) are pri-
marily driven by socioeconomic processes, influencing the ecological integrity
of these landscapes, therefore changes in socioeconomic structures and pro-
cesses induce an alteration of the landscapes (Schmitz et al., 2003).

In this paper, we provide a coherent overview of the fundamental con-
cepts for applying causal and counterfactual reasoning to data analysis within
the domain of environmental and ecological sciences. In particular, we con-
sider the use of structural causal models (SCM) (Pearl, 2009; Bareinboim
et al., 2022). SCMs are probabilistic graphical models (PGMs), i.e. they
are probabilistic models in which the independence structure is encoded by
a graph whose vertices are the variables in the model. SCMs are particu-
larly designed for counterfactual reasoning and, like the rest of PGMs, they
are suitable for environmental and ecological scientists and practitioners due
to their graphical representation. Moreover, the recent method expectation-
mazximization for causal computation (EMCC) (Zaffalon et al., 2024, 2023)
is proposed to be used for counterfactual reasoning. A key advantage of this
method is its ease of implementation, primarily built upon the widely rec-
ognized expectation-mazimization (EM) (Koller and Friedman, 2009, Ch.19)
approach for parameter learning in PGMs. We put these concepts into prac-
tical use with an observational dataset, including information about socioeco-



nomic factors and land uses, in different areas of Andalusia (southern Spain).
Unlike traditional analysis with other PGMs, the use of SCMs allows to an-
alyze the relations of necessity and sufficiency between the variables in the
aforementioned socioecological system.

This paper is structured as follows. Section 2 presents a motivational ex-
ample; Section 3 reviews the relevant literature regarding the use of PGMs in
the analysis of environmental data; Section 4 introduces the fundamentals of
causal and counterfactual reasoning, with a specific focus on SCMs and BNss;
Section 5 provides details about the case study considered for counterfactual
analysis; the analysis of the results is presented in Section 6; Section 7 of-
fers an overview of the main conclusions and policy recommendations drawn
from this paper. Finally, the appendices provide a brief introduction to key
concepts related to BNs and SCMs.

2. Motivational example

To illustrate the problem of traditional statistic methods, let us consider
the observational data from a study that analyzes the relationship between
socioeconomic factors and ecosystem services in cultural landscapes (Maldon-
ado et al., 2018). In this illustrative example, only three Boolean variables
are considered: Mountain (M ) indicating whether the topography is moun-
tainous (yes) or flat (no); Immigration (I)indicating if there are more people
coming into the area (yes) than leaving it (no); and finally Agricultural-land
(A) indicating if the land is mainly used for agricultural activities (yes) or
other activities (no). This data is summarized in Table 1.

From the data presented in the table, it might be possible to build the
(discrete) Bayesian network (BN) (Pearl, 1988) shown in Figure 1. A BN is
formally defined as a tuple (V, G, Py) where V is a set of variables from the
problem being modeled, G is a directed acyclic graph (DAG), whose nodes
are the variables in V and Py is a set containing a conditional probability
distribution P(V'|Pay ) for each V' € V where Pay are the parents of V in G.
If all the variables are discrete, the conditional distributions are represented
as tables, and we will refer to them as conditional probability tables (CPTs).

Suppose our variable of interest is Agricultural-land (A). When study-
ing the impact of immigration on the land use, one might consider to an-
alyze the distribution P(A|I) o > ,, P(A|I,M) - P(I|M) - P(M). From
the CPTs in Figure 1, it follows that P(A = yes|] = yes) = 0.42 and
P(A = yes|I = no) = 0.39. As there is a positive correlation between both
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Table 1: Data from an observational study involving three Boolean variables (Maldonado
et al., 2018).

Mountain (M) Immigration (/) Agricultural-land (A) Counts

yes yes yes 95
yes yes no 244
yes no yes 80
yes no no 183
no yes yes 121
no yes no 52
no no yes 47
no no no 8
yes  no
P(M) = [0.73 0.27]
M
yes no
yes  no 0.28 0.727 M = yes, | = yes
P(I|M) = 0.56 0.44| M = yes P(AIM, 1) = 03 07| M =uyes. I =no
0.76  0.24| M = no 0.7 03| M =no, I =yes

0.85 0.151 M =no, I = no
1 A

Figure 1: BN obtained from the observational data in Table 1.



variables, one could conclude that immigration has a positive effect on agri-
culture. However, analyzing separately the data in mountainous and flat
areas, the correlation is the opposite as we have: P(A = yes|M = yes, [ =
yes) = 0.28 < 0.3 = P(A = yes|M = yes,I = no) and P(A = yes|M =
no,I = yes) = 0.7 < 0.85 = P(A = yes|M = no,I = no). This is an in-
stance of the so-called Simpson’s Paradox (Pearl, 2009, Ch.6), which refers to
a phenomenon whereby the association between a pair of variables reverses
sign upon conditioning on a third variable (a confounder): flat areas are
more likely to have immigration and also this topography is more suitable
for an agricultural use of the land. A further explanation for this paradox-
ical situation, is that it is not the same seeing as doing. When calculating
P(A|I = yes), we are essentially asking about the probability of the agri-
cultural land use given that we see that there is immigration. However, we
might be interested in determining if the immigration is a necessary condi-
tion for the agricultural land use. In other words, if immigration were to
cease in a given area, would it lead to a reduction in agricultural land use?
Conversely, it is also valuable to understand if promoting immigration would
be advantageous for agriculture, in which case we say that it is sufficient
condition. These scenarios involve hypothetical situations that can be effec-
tively addressed through counterfactual reasoning, which involves evaluating
how the probability of outcomes would change if certain variables were set
to specific values contrary to what actually occurred.

3. Related work

Non-counterfactual causal modeling techniques have been used in environ-
mental and ecological sciences in a wide range of works. Some of these studies
rely on causal diagrams. For instance, Byrnes and Dee (2025) address omit-
ted variable bias in causal inference with observational data by using causal
diagrams to identify confounders, combined with nested sampling and statis-
tical designs. Arif and MacNeil (2022) emphasize the value of causal diagrams
across four additional quasi-experimental approaches-propensity score analy-
sis, BACI studies, regression discontinuity design, and instrumental variables.
They demonstrate how causal diagrams clarify and unify variable selection
in non-experimental settings, enhance transparency in communicating causal
assumptions, and foster more critical and accurate discussions about the con-
clusions drawn from ecological research. These same authors, in their 2023
work, provide a summary of studies that have used the structural causal



model framework in ecology. They also use simulated ecological examples
to examine how the backdoor and front-door criteria can produce accurate
causal estimates between key variables, as well as how biases may occur when
these criteria are not applied.

Structural equation models (SEMs) (Pearl, 2009) are another effective
framework for causal analysis. In this sense, Paul and Anderson (2013) pro-
posed ordination axes arising from multivariate macrobiotic species data in
conjunction with SEM approach to analyze the causal effects in the 1978
Amoco Cadiz oil spill. In this work, the conditional independencies are con-
sidered by the authors as the only means to test causal structures with ob-
servational data (Paul and Anderson, 2013). SEM are also used in (Paul
et al., 2016) to assess the risk of wastewater discharge on macro-invertebrate
communities, focusing in the adaptation of the causal diagram to a statis-
tical model which allows for computing the effect of an intervention retro-
spectively. Irvine et al. (2015) combine Bayesian path analysis and SEM to
study the how stressors (such as anthropogenic drivers of road density, per-
cent grazing or percent forest within a catchment) affect stream biological
condition.

Other relevant works integrate integrate BNs with SEM for causal anal-
ysis. For instance, Hatami (2018a) integrate BNs with SEM to infer causal
effects of wastewater on the macro-invertebrate community once the effect
of natural variation is removed or to analyse the spatiotemporal variations
of macrobenthic assemblage caused by leaking from a wastewater treatment
plant. Similarly, Hatami (2018b) use an integrated BN-SEM framework to
investigate spatiotemporal variations in macrobenthic assemblages resulting
from leakage at a wastewater treatment plant.

Carriger et al. (2016) recommend the use of BNs for evidence-based policy
in environmental management, on the grounds that these graphical models
can look into the evidence for causality through improved measurements,
minimizing biases in predicting or diagnosing causal relationships. In their
review, the authors propose several guidance works on BN development for
environmental problems and, as practical example, use BNs to study the
impacts of biological and chemical stressors on a fish population.

Besides causal modeling, counterfactual thinking is essential in environ-
mental policy to draw inferences about program effectiveness as well as to
discriminate between program effect and biases (Ferraro, 2009). Siegel and
Dee (2025) integrate the potential outcomes framework and structural causal
models to create a complementary workflow that guides the process from
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formulating a causal question to interpreting the results. Their work also
includes resources for self-guided learning and a curated reading list. An-
dam et al. (2008) apply counterfactual thinking by using matching methods
to improve the estimate of the impact of protected areas in Costa Rica on
deforestation. In that work, the authors demonstrate that counterfactual
thinking let control biases along observable features and check the sensitiv-
ity of the estimates to potential hidden biases. Also a statistical matching
technique is used by McConnachie et al. (2016) to estimate cost-effectiveness
of South Africa’s Working for Water program on reducing invasive species.

In relation to our case study, various methodologies have been applied.
De Aranzabal et al. (2008) used multiple regression to formalize the land-
scape—socioeconomic dependence at the local scale, enabling scenario analy-
sis of socioeconomic change and its impact on the landscape. Ropero et al.
(2014) developed a regression model based on hybrid BNs to study the land-
scape—socioeconomic relationship in watersheds, analyzing three landscape
change tendencies under two socioeconomic scenarios. Punzo et al. (2022)
employed econometric models to identify factors influencing land consump-
tion at the municipal level, highlighting endogenous and exogenous inter-
action effects and the key role of demographic, socioeconomic, and insti-
tutional structures. Chen and Yao (2023) introduced the patch-generating
land-use simulation (PLUS) model, combining Markov chains and Cellular
Automata to predict land-use change, incorporating various drivers such as
socioeconomic factors. Zhai et al. (2021) examined spatio-temporal patterns
of land-use/cover change under urbanization in Wuhan, China, using contin-
uous Landsat time series and support vector machines. They further applied
the PLUS model to explore future landscape dynamics. Zhou et al. (2022)
analyzed differences in arable land change due to urban and rural construc-
tion expansion, using geographically weighted regression to detect spatial
and temporal patterns of land fragmentation. Wu et al. (2022) proposed a
framework combining system dynamics, future land-use simulation, and the
InVEST model to assess habitat quality under projected land-use changes,
accounting for climate change and development strategies.

To the best of our knowledge, counterfactual reasoning with PGMs has
not yet been explored in the context of socioecological systems. This ap-
proach could offer a new dimension to the study of socioeconomic influences
on land-use changes within socioecological systems. In particular, in this
paper we adopt the structural causal model (SCM) formalism (Pearl, 2009).
As we will see in Section 4, SCMs can successfully handle causal reasoning
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from a semantic point of view. In addition, SCMs can be represented as BNs
and therefore it is possible to take advantages of the existing methods for in-
ference and learning over the latter. Another advantage is that practitioners
familiarized with BNs are likely to find SCMs as a natural way of dealing
with causal reasoning.

4. Background and notation

This section provides an overview of fundamental concepts related to
PGMs for causal and counterfactual reasoning that will be later instantiated
to socioecological systems. With respect to the general notation, upper-case
letters are used to denote random variables and lower-case for their possible
values (also called states), i.e. given a variable V', v denotes an element of
its domain, denoted by €2;,. We assume that all the variables are discrete.
Similarly, V.= {V;, Va,..., V,,} denotes a set of variables and v an element of
Qv = Xyev ly. The probability mass function of a discrete random variable
V will be denoted by P(v) = P(V =wv).

Causal reasoning consists of three levels (Pearl and Mackenzie, 2018),
namely association, intervention and counterfactuals. The first level, asso-
ciation, accounts for predictions based on past observations. At this level,
one can answer questions of the form “What if I see ...?”. Such questions
are called observational queries and can be answered using conditional prob-
abilities (estimated from the observational data) stating how likely is that
something happens given that something else has happened. In a general set-
ting where x and y are states of the random variables X and Y respectively,
an example of an observational query is the computation of the conditional
probability P(z|y). Herein, x and y are the positive states (presence) of
X and Y, respectively, while 2’ and ¢ are their counterpart negative state
(absence).

The second level, intervention, is related to questions of the type “What
if I do ...?”7. Such kind of questions can also be formulated in terms of
probabilities using do calculus (Pearl, 2009). Let Y, denote the random
variable representing Y under the hypothetical scenario in which X is forced
to be equal to z. Then the query P(Y, = y) stands for the probability that Y
takes the value y when X is intervened (i.e., forced) to take the value z. With
this in mind, we might be interested in estimating the difference between two
interventional queries, which is known as the average causal effect (ACE),



defined as

ACE(X> Y) = P(yx) - P(yx’)' (1)
Note that ACE takes values between -1 and 1. Positive values of ACE mean
that Y is more likely to happen when X also happens, while negative values
indicate that Y is more likely to happen when X does not happen.

The last level of causation, counterfactuals, aims at queries of the form
“What if I had done ...?”7. In terms of probabilities, counterfactual queries
tackle hypothetical scenarios like, “What would the outcome have been if
the variable had taken a different value?”. For instance, the conditional
probability P(Y;|X = 2’) represents the probability of Y if X had been =
instead of 2/. Note that Y, is a variable related to the hypothetical scenario
whereas X (without subindex) denotes a variable in the real scenario. Note
how counterfactual queries can give us information telling if it was X that
caused Y.

Given this semantics of interventional and counterfactual queries, it is
possible to specify some typical queries that can be useful for understanding
the model but also for defining policies aimed at solving problems, as we will
see in the case study in Section 5. In this context, we might need to measure
to what extent an event is a necessary condition for another one (i.e., when
one event must occur for another one to happen). This can be achieved using
the so-called probability of necessity (PN) which can be defined as

PN(X,Y)=P(Yy =y |X =2,V =y). (2)

X is said to be a necessary cause for Y if whenever y occurs then x has
occurred. Therefore, PN can be interpreted as the probability that X is a
necessary cause of Y. In other words, it is the probability that the event
y would not have occurred in the absence of event x, given that x and y
did in fact occur. In our running example, PN(7, A) measures the degree of
certainty with which we can assert that whenever agriculture is present then
immigration is also present.

It might also be useful to consider the probability of necessity, but as-
suming that X = x did not happen. We call it the probability of necessity
with reverse cause (PNrc), formally defined as

PNre(X,Y) =P(Y, =y |X =2,V =y). (3)

Analogously, we could also be interested in determining if an event is a
sufficient condition for another event to happen. For this we can define the
probability of sufficiency (PS) as
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PS(X,Y)=PY,=y|X =2"Y =7/). (4)

X is said to be a sufficient cause for Y if whenever x occurs then y
will occur. Therefore, PS can be interpreted as the probability that X is
a sufficient cause of Y. In other words, it is the probability that setting
x would produce y in a scenario where x and y are in fact absent. In our
example, PS(7, A) measures the degree of certainty with which we can assert
that whenever immigration is present, agriculture is also present.

An event could also be, to some extent, both necessary and sufficient.
It can be measured by the probability of necessity and sufficiency (PNS),
defined as

PNS(X,Y) = P(Y, = 3, Yo = ). (5)

X is said to be a necessary and sufficient cause for Y if whenever x occurs
then y will occur and vice-versa. Therefore, PNS can be interpreted as the
probability that X is a necessary and sufficient cause of Y. Intuitively, PNS
measures how Y reacts to X, hence expressing to what extent X = x is
necessary and sufficient for Y = y. In the example provided, PNS(/, A)
measures the degree of certainty with which we can assert that whenever
immigration is present, agriculture is also present, and whenever immigration
is absent, agriculture is also absent.

The first level of causation (association) can be properly handled us-
ing probability distributions represented as a Bayesian network, where all
the possible observational queries can be answered by computing the rele-
vant conditional probabilities directly on the network. However, handling
the other two levels of causation (interventions and counterfactuals) requires
going beyond conditional probabilities, so that we are able to handle hypo-
thetical (and not only observed) scenarios. In order to approach these kind
of scenarios, Pearl (2009) proposed the so-called structural causal models
(SCMs), which are a specific type of probabilistic graphical model used for
causal and counterfactual reasoning. SCMs distinguishes between two types
of nodes: endogenous nodes, which represent the variables within the mod-
eled problem, for which data is available, and exogenous nodes, which are
associated with external factors for which data is not available. Note that
the terms node and variable are used interchangeably. It can be shown that
SCMs can be regarded as Bayesian networks that have been extended to
accommodate the exogenous variables (see Appendix A for the technical
details).
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An example of how counterfactual queries are computed over SCMs is
given in Appendix B. Note that if all the conditional probability distribu-
tions (CPTs) involved in an SCM are known, all the counterfactual queries
described above can be answered by using standard inference algorithms for
BNs. However, in problems where only observational data is available, and
particularly in socioecological systems, the parameters of the CPTs corre-
sponding to the exogenous variables cannot be uniquely determined, because
there is no data about those variables. When this problem arises, it is said
that the counterfactual query is unidentifiable (Correa et al., 2021; Wu et al.,
2019).

Nonetheless there are methods able to deal with problems where only ob-
servational data is available, but instead of precise probability values, they
provide intervals bounding them (Tian and Pearl, 2000; Zaffalon et al., 2020).
In our specific case study, we propose the utilization of the innovative tech-

nique known as EMCC (Ezpectation Mazximization for Causal Computation)
as detailed by Zaffalon et al. (2023, 2024).

5. Case study

5.1. Problem and data description

To illustrate the potential of counterfactual reasoning with PGMs, let us
consider the ecological and socio-economic data chosen for the case study,
which is related to the region of Andalusia, in southern Spain (Figure 2 (a)).
This area of study is a socioecological system with a strong relation between
the natural and socio-economic components. It also shows high variability
regarding elevation, ranging from 0 to 3460 m above the sea level. The main
mountain ranges within the study area are the Sierra Morena mountain range
in the North and the Baetic Systems in the South, with the Baetic Depression
serving as the geological boundary between them. The Guadalquivir River
flows through this depression, being the largest river in Andalusia. The
flattest areas correspond to the littoral and the Baetic depression, while the
steepest ones correspond to the Baetic Systems. Therefore, Andalusia can
be divided into 4 main geomorphological units: the Baetic Depression, the
Sierra Morena mountain range, the Baetic Systems and the Littoral, as shown
in Figure 2 (b).

The Baetic Depression is characterized by its high agricultural produc-
tion, mainly comprising rain-fed herbaceous crops in the low-lying plains and
irrigated herbaceous crops along the Guadalquivir river (Figure 2 (c)). The
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Sierra Morena mountain range is characterized by having high emigration
and mortality rates and low birth rate, which results in population decline
(Figure 2 (d)), and is predominantly covered by rain-fed crops and dehesa,
a heterogeneous system exhibiting various states of ecological maturity, with
shepherding being the principal economic activity. The Baetic Systems have
the highest elevation and steepness in the study area. This area is pre-
dominantly cloaked in natural vegetation, with extensive woody crops as a
secondary feature. Its rugged terrain discourages the adoption of intensive
agricultural practices. Finally, the Littoral, densely populated and character-
ized by high temperatures, features abundant natural vegetation and serves
as the primary location for the majority of greenhouses in the study area,
making it a focal point of agricultural activity.

a) Study area location b) Main Geomorphological Unit

A A

0 200 400km 0 50 100km I Baetic Depression I Littoral
—_ [ Studyarea | | [ Baetic Systems [ Sierra Morena
c) Main Land Use d) Population growth rate

A A

[ Built [ Herbaceous crops [ Decrease
0 50 100km B0 Woody crops [l Mixed system 0 50 100km [ Stable

—t— I Natural land [ Intensive —t— B Increase

Figure 2: Study area (Andalusia, Spain) (a) and municipalities within the study area,
color-coded based on their primary geomorphological unit (b), their main land use (c),
and their population growth rate (d). For (b) and (c), in cases where a municipality
encompasses more than one geomorphological unit or land use, the color represents the
larger or dominant one within that municipality.

In a previous study (Maldonado et al., 2018), 75 different variables repre-
senting social, economic and ecological characteristics of the study area were
employed to study how socioeconomic changes influence the generation of
ecosystem services using BNs with no causal (nor counterfactual) reasoning
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conducted at that time. These variables, available in public repositories, were
sourced from the Multi-territorial Information System of Andalusia (SIMA)
and the Andalusian Environmental Information Network, and municipalities
within the study area were taken as the modeling unit. The dataset con-
sidered contains 830 instances, one per municipality. In our current study,
we narrowed our focus to a subset of 17 variables from the original dataset,
to conduct a causal and counterfactual analysis using SCMs. These include
land use, social, and economic variables which are detailed in Tables 2, 3,
and 4, respectively.

Table 2: Variables representing the ecological dimension used to construct the SCM.

Ecological dimension

Name Description State Threshold
MGU The main geomorphological unit a Baetic Depr.
municipality belongs to. Sierra Morena
Baetic Sys.
Littoral
Built Percentage of artificial or built areas in ~ Scarce <5
each municipality - including urban; Fair 5-30
industrial; mining; freight and technical ~Abundant > 30
infrastructures.
GH Percentage of intensive agriculture Scarce <5
(greenhouses) in each municipality. Fair 5-30
Abundant > 30
HCrops  Percentage of herbaceous crops in each ~ Scarce <15
municipality - including rainfed and Fair 15 - 50
irrigated crops. Dominant > 50
WCrops Percentage of woody crops in each Scarce <15
municipality - including rainfed and Fair 15 - 50
irrigated crops. Dominant > 50
Mixed Percentage of heterogeneous lands in Scarce < 10
each municipality - including patches Fair 10 - 40
mixing grassland and forest and crops Dominant > 40

with natural vegetation.

Natural  Percentage of natural areas in each Scarce < 25
municipality - comprising bush; Fair 25 - 60
grassland; forest; bush and forest; Dominant > 60

wetlands and naked soil.
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Table 3: Variables representing the social dimension used to construct the SCM.

Social dimension

Name Description State Threshold
Pop Population density of each municipality Low < 35
in 2011 (inhabitants/Km?). Moderate  35- 150
High > 150
SR Sex ratio. Proportion of males (M) to More < 0.50
females (F) in each municipality in 2011  females > 0.50
(computed as SR = ). More
males
EGR Population growth rate. Exponential Decrease < -0.03
growth of the population, computed as Stable -0.03 - 0.03
EGR = M, where Py represents Increase > 0.03
the population in 2001, P; the population
in 2011 and ¢ the 10-year period.
IME Index of Migration effectiveness. Emigration < -2
Percentage of total migration for the Balanced -2 -2
period 2001-2011. It ranges from -100 Immigration > 2
(emigration) to 100 (immigration), with
values close to 0 indicating no change in
the population dynamic. It is computed
s TME = Jomiration Emiration 10,
ODI Old-age dependency index. Percentage of Low < 25
the older over the younger population in ~ Moderate 25 - 40
2011, computed as ODI = % x 100, High > 40
where Psg5 is the population older than
65 years old and P.j5 is the population
younger than 15 years old.
Death Mortality rate. Number of deaths per Low <9
1000 inhabitants in each municipality in =~ Moderate 9 - 15
2011. High > 15
Birth Birth rate. Number of births per 1000 Low < 5.6
inhabitants in each municipality in 2011. Moderate 5.6 - 10.3
High > 10.3
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Table 4: Variables representing the economic dimension used to construct the SCM.

Economic dimension

Name Description State Threshold

WF Workforce. Percentage of the Low < 0.55
municipality’s working age population Average 0.55 - 0.62
(> 16) that are available to work in 2011.  High > 0.62

It is computed as WF = w x 100;
>16

where ER is the Employment Rate; UR
is the Unemployment Rate and P> is
the population older than 16 years old.

SSE Secondary sector employment. Number Low < 70
of employees in the secondary sector per ~ Moderate 70 - 113
1000 inhabitants. High > 113
TSE Tertiary sector employment. Number of  Low < 78
employees in the trading, banking and Moderate 78 - 122
service sectors per 1000 inhabitants. High > 122

The primary goal of this study is to investigate how different variables of
interest in this socioecological system are influenced by other variables. In
this context, such variables of interest are termed effect variables, while the
other factors that could potentially influence these effects are referred to as
cause variables. In connection to Section 4, X and Y represent the cause
and effect variables, respectively. Specifically, we consider as effects those
variables representing the different land uses and the population growth (i.e.,
Built, GH, HCrops, WCrops, Mized, Natural and EGR). We will refer to the
union of the cause and effect variable sets as the variables of interest.

5.2. Data preprocessing and model definition

To conduct any causal or counterfactual analysis, it is necessary to de-
fine the cause and effect variables in such a way that their values can be
categorized into two groups. In this case, since the variables are categorical
(with multiple states), they are transformed into a binary format by collaps-
ing their values into two distinct states: one representing a positive outcome
and the other a negative outcome. Table 5 shows the partitions of the states
considered for each variable in the dataset. Another reason for the binariza-
tion is computational efficiency. Although only the cause and effect variables
need to be binarized, leaving the remaining variables in their original multi-
state representation would require re-training the model for each possible
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pair of cause and effect variables, leading to a substantial increase in compu-
tational cost. By binarizing all variables in advance, we can reuse the same
learned model across multiple causal queries, thereby reducing redundancy
and improving overall efficiency.

Table 5: Categorization into positive and negative values.

Variable Positive state Negative state

MGU Littoral, Baetic Depression Baetic System, Sierra Morena
Built Abundant, Fair Scarce

GH Abundant, Fair Scarce

Hcrops ~ Dominant, Fair Scarce

Wecerops  Dominant, Fair Scarce

Mixed Dominant, Fair Scarce

Natural Dominant, Fair Scarce

Pop High Low, Moderate

SR More females More males

EGR Increase Decrease, Stable
IME Immigration Emigration, Balanced
ODI Low Moderate, High
Death Low Moderate, High
Birth High Low, Moderate

WF High Low, Average

SSE High Low, Moderate

TSE High Low, Moderate

Given that the counterfactual analysis relies on SCMs, a causal structure
in the form of a DAG is required. To establish this structure, we adopt
the BN structure used in the aforementioned prior investigation (Maldonado
et al., 2018), initially formulated by domain experts. In that work, the ap-
proach used to build the BN was based on the DPSIR framework (European
Environment Agency, 2007). In this context, socioeconomic variables are
considered the Drivers (as defined in the DPSIR framework) of environmen-
tal change. These Drivers produce different Pressures, which are reflected as
changes in land use, ultimately altering the State of the ecosystem. This,
in turn, affects the supply of ecosystem services and human well-being (Im-
pacts). Finally, Responses are the different actions that governments and
society take to control the Drivers. To align with this framework, mean-
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ingful variables and their causal relationships were identified through expert
knowledge and relevant literature.

Nonetheless, in this new work some modifications are made on the struc-
ture of the original BN with the purpose of reducing its complexity, resulting
in the graph shown in Figure 3. First, the graph is restricted to our effect
variables and their ancestors, i.e. the variables of interest previously detailed
in Tables 2, 3, and 4. Note that any descendant from the effect variables
in the original graph is irrelevant for a causal analysis. Additionally, the
node MGU is a common ancestor of all the cause and effect variables consid-
ered, and there exists no alternative path connecting them with the ancestors
excluded from the final graph. Consequently, our variables of interest are in-
dependent from the rest of ancestors given MGU. Secondly, the number of
parents is limited to a maximum of three. The intention of this is to pre-
vent extremely large exogenous variables, whose number of states increases
exponentially with the number of parents. Appendix C provides a further
discussion about this. The choice of a maximum of three parents was made
based on preliminary experiments, which showed that the computation with
larger models was extremely time-consuming. Hence, the arc from MGU to
Pop was removed. Note that there are alternative directed paths between
both nodes, i.e., it is redundant. Moreover, this deletion is the one involving
the lowest decrease in the likelihood of the model given the data.

Figure 3: BN obtained from the model in a previous study (Maldonado et al., 2018) by
restricting it to our variables of interest and by limiting the number of parents to 3.

After establishing the causal structure, an SCM can be derived by in-
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troducing an exogenous parent for each endogenous variable. The resulting
graph is illustrated in Figure 4. As for the parameters, the SEs are defined
in a canonical form. By contrast, the marginal distributions over the exoge-
nous variables are considered to be unknown and estimated using EMCC.
For more details about EMCC, readers can reffer to (Zaffalon et al., 2020,
2024). Specifically, this method is executed with 100 EM runs while cap-
ping the EM convergence at 300 iterations and using the 830 data instances
available. .

Pop

Figure 4: Markovian SCM used for intended counterfactual analysis. All the SEs are
asumed to be canonical. Each endogenous variable has only one exogenous cause, and
each exogenous variable is cause of only one endogenous one.

Initially, we examine the difference in conditional probability, denoted as
P(y|z) — P(y|«’). This aligns with the conventional BN analysis. Moving
to causal (non-counterfactual) reasoning, we investigate the interventional
query ACE, defined in Eq. (1). To underscore the advantages of counterfac-
tual reasoning, we evaluate the queries PN, PNrc, PS, and PNS, outlined in
egs. (2) to (5). The variables under study (i.e., effects) are those enumerated
in the preceding section, while the causes vary based on the specific effect.
This distinction arises from the requirement that causes must be ancestors of
the effects. In this sense, in the case of land-use variables, the causes include
WF, EGR, MGU, SR, SSE, TSE, ODI, Pop, Death, and Birth. When
EGR is treated as the effect, Pop and the variable itself are excluded as
potential causes. It is important to note that the insights are drawn at a re-
gional scale (Andalusia), and are based on information specifically gathered
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within this region.

In relation to the implementation, the CREDICI software (Cabanas et al.,
2020) was used, a Java library designed for causal reasoning, featuring the im-
plementation of EMCC. For more extensive implementation details and the
code to replicate the study, please refer to our GitHub repository!. The com-
putation was made in a computer cluster made of 1024 cores (2048 threads).
This allowed the parallelization of the execution of each of the 100 EM runs,
each of them taking more than 4 hours on average.

6. Results and discussion

Before we present the experimental results, we give a brief explanation
of how to interpret them. As indicated at the end of Section 4, the results
are given as probability intervals rather than as single values. Note that, a
variable is considered to be a necessary or sufficient cause (or both) of another
if the associated probability interval is narrow and both the upper and lower
limits of the interval are high. For instance, a probability of necessity in the
interval [0, 0.99] is too wide to be informative. On the other hand, an interval
of [0, 0.1] indicates with high certainty that the variable is not necessary for
the given effect. Similarly, an interval of [0.9, 0.99] suggests strong evidence
supporting that the variable is necessary for the effect to occur.

To begin with the analysis of the experimental results, we first consider
as effect the variable EGR (population growth rate), whose results are given
in Figure 5. The variable with a clearer causal impact on EGR is IME (index
of migration effectiveness). Remarkably, the probability of sufficiency, PS, is
bounded between 0.73 and 0.85 (Figure 5 (e)), which means that it is very
probable that a positive value of IME (immigration) is enough to produce
a positive value of EGR (increase) despite the values of the other variables.
Besides, it is also quite likely that IMFE is a necessary condition for FGR
to have a high value, since PN(IME, EGR) € [0.60,0.75] (Figure 5 (c)).
The probability of necessity and sufficiency is also bounded above 0.5, more
precisely in the interval [0.51,0.63] (Figure 5 (f)).

Regarding the probability of sufficiency of the other variables under con-
sideration, MG U (main geomorphological unit) and T'SE (tertiary sector em-
ployment) are likely to be sufficient for EGR to take place, reaching values in

https://github. com/PGM-Lab/2025-counterfactual-land
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the intervals [0.54,0.78] and [0.63, 0.82], respectively. Conversely, SSE (sec-
ondary sector employment), ODI (old-age dependency index), Death (death
rate) and Birth (birth rate) have a good chance to be sufficient, since their
lower bounds are close to 0.4 (Figure 5 (e)).
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Figure 5: Intervals for the queries with EGR as effect variable. The x-axis represents each
cause variable, according to the graph in Figure 3, while the y-axis shows the query metric.
Panels (a) to (f) depict different types of analysis: (a) conventional BN analysis, (b) causal
analysis, and (c-f) counterfactual analysis. The metrics illustrated are (a) the difference
in conditional probability, P(y|x) — P(y|z’); (b), the average causal effect, ACE; (c) the
probability of necessity, PN; (d) the probability of necessity with reverse cause, PNrc; (e)
the probability of sufficiency, PS; and (f) the probability of necessity and sufficiency, PNS.
Note that metrics in panels (a) and (b) can take negative values, as they are defined as
differences of probabilities.

With respect to non-counterfactual queries (Figure 5 (a-b)), the difference
in conditional probability (0.58) and the average causal effect in the interval
[0.50,0.56] support the classification of positive IME as a cause of positive
EGR. Note that while non-counterfactual queries enable the identification of
variables influencing FGR, these queries do not provide information about
the nature of the relationship (whether it is one of necessity or sufficiency).
This underscores the nuanced insights that counterfactual reasoning can offer
in understanding causal relationships within the studied context.

Therefore, a positive immigration rate turns out to be both necessary
and sufficient (with high probability) in order to achieve a positive popula-
tion growth rate (Parsons and Smeeding, 2006; Vinuela et al., 2019; Vinuela,
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2022). On the other hand, it is also likely that the location of the munici-
pality and the tertiary sector employment can cause a positive FGR value,
but this is only expressed in terms of sufficiency. As a matter of fact, Fig-
ure 2 (d) indicates a population decline in the majority of municipalities
situated in both the Baetic Systems and Sierra Morena regions. Consider-
ing the remaining causes, population growth can occur in the absence of all
of them, though they might be sufficient on their own to drive population
growth. Population growth is a phenomenon influenced by various factors,
including immigration, emigration, death, and birth rates (Lutz, 2006; Pos-
ton Jr and Bouvier, 2010). The variable IMFE is an index that incorporates
both immigration and emigration rates. A high value of IMFE indicates more
immigration than emigration, resulting in population increase, assuming that
other factors remain constant. In contrast, death and birth rates are con-
sidered separately rather than jointly in a single rate of natural population
increase. Individually, neither low death rate nor high birth rate is necessary,
for population growth.

The remaining effect variables are all referred to land uses. For variable
Built which represents the percentage of built or artificial areas in a munici-
pality, only two variables turn out to have a significant causal effect, namely
the location of the municipality, MGU and its population density, Pop. It
is no wonder that Pop is the most clear sufficient cause of positive value of
Built, with PS(Pop, Built) > 0.93 (Figure 6 (e)). However, the probability
of necessity for this variable is lower, but still remarkable, between 0.65 and
0.70 (Figure 6 (c)). The same probability reaches higher values for the loca-
tion of the municipality, reaching the interval [0.62,0.82]. Nonetheless, the
probability of sufficiency of MGU is in [0.55,0.73], which is notably lower
than that for the other variable. Moreover, both causes have a good chance
of being necessary and sufficient for Built to be abundant or fairly abundant
(Figure 6 (f)). Hence, the results of the queries seem to indicate that the
location (flat vs. mountainous areas) is fundamental when determining the
percentage of built area, but also in combination with the population density
(Ehrlich et al., 2021; Thornton et al., 2022).

Figure 7 shows the results of the queries related to variable HC'rops, which
is the percentage of herbaceous crops in the municipality. In this case, only
variable MGU reaches a value clearly above 0.5, and only for one query, the
probability of necessity, which is estimated to be in the interval [0.59,0.99]
(Figure 7 (c)). It means that it is quite likely that a positive value of MGU
(littoral, Baetic depression) is necessary for a positive value of HCrops (dom-
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Figure 6: Intervals for the queries with Built as effect variable.

inant, fair) to be observed, but it is not so clearly rendered as sufficient too,
since PS(MGU, HCrops) € [0.44,0.74] (Figure 7 (e)), however there is still
some chance that it is sufficient. On the other hand, WF and Pop show
a high uncertainty with respect to the probability of necessity, since their
intervals are considerably wide (Figure 7 (c)). The remaining variables are
clearly not necessary, nor sufficient, for HCrops. The findings align coherently
with the insights derived from Figure 2 (c¢). Herbaceous crops emerge as the
predominant land use across a significant portion of the Baetic Depression,
whereas they do not hold the same prevalence in other geomorphological
units (Molero and Marfil, 2017).

In the case of the percentage of greenhouses (variable GH), the results
are displayed in Figure 8. It is apparent from the plots that only three
variables, MGU, Pop and ODI, have a causal impact on the target variable
GH (Figure 8 (c¢)). The most remarkable effect is observed in terms of the
probability of necessity, with values in the intervals [0.72,1], [0.88,1] and
[0.69,0.91] for MGU, Pop and ODI, respectively, which indicates that it is
considered almost certain that all three variables must have a positive value
for GH to have a positive value as well (Aznar-Sénchez et al., 2011; Mendoza-
Ferndndez et al., 2021). In addition, variable T'SE, with the upper bound
for PN above 0.5 and the lower one close to 0.5, has a good chance to be
necessary (Galdeano-Gémez et al., 2013). It is also quite significant that
none of the variables is sufficient condition by its own (Figure 8 (e)). With
respect to the non-counterfactual queries, none of the insights previously

23



P(ylx)-P(ylx')

b) ACE

PN

d) PNrc

1.0
0.5
0.0
-0.5

|I|I
PNS

ol -1 el _ - N
D) PS f)

1.00

0.75+

0.50- . I [ ]

0.25- . . . .

ooo. H =W m - u - ||l H = - m -
WF EGR IME MGU SR SSE TSE ODI Pop Death Birth WF EGR IME MGU SR SSE TSE ODI Pop Death Birth

Cause

Figure 7: Intervals for the queries with HCrops as effect variable.

mentioned are reflected in such queries (Figure 8 (a-b)), which showcases
the advantage of counterfactual reasoning. The results coherently reflect the

predominant location of greenhouses

in the Littoral (Figure 2 (c)). However,

it is important to note that the positive state of MG U encompasses both the
Littoral and the Baetic Depression, with the latter not exhibiting a notably
high density of greenhouses. Therefore, MGU is necessary but not sufficient

condition for GH (Wolosin, 2008).
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Figure 8: Intervals for the queries with GH as effect variable.

The results for variable Natural,

representing the percentage of natural

areas, can be seen in Figure 9. In terms of the difference in conditional proba-
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bility and average causal effect, only the location (MGU') shows a remarkable
variation (Figure 9 (a-b)). Regarding the probability of necessity, all vari-
ables except MGU and Pop are very unlikely to be necessary, due to the low
value of the upper bounds of their intervals. Even the two mentioned vari-
ables are not clearly necessary, since most of their intervals are below 0.5, and
their widths indicate uncertainty about the probability value (Figure 9 (c)).
It is also clear that all variables except MGU and Pop are very unlikely

a) P(ylx)-P(ylx') b) ACE
1.00-
0.75-
0.50-
0.25-
0.00- - _ - - — - —— e
-0.251 = T —_— o — = -
-0.50-
-0.75-
-1.00-
c) PN d) PNrc
1.00- 1.0
0.75 Io.s
0.50- 0.0
0.25- I I . I [ l -0.5
0.00- | - m N .- _-- -— 1.0
e) PS f) PNS
1.00-
0.75-
0.50- I
0‘00,... -.. - . ---._---.——

WF EGR IME MGU SR SSE TSE ODI Pop DeathBirth ~WF EGR IME MGU SR SSE TSE ODI Pop Death Birth
Cause

Figure 9: Intervals for the queries with Natural as effect variable.

to be sufficient to increase the natural spaces. The intervals for MGU and
Pop are compatible with them being sufficient conditions, but their ampli-
tude indicate that there is considerable uncertainty (Figure 9 (e)). The most
remarkable insight about the natural areas can be obtained from the high
value in the query PNrc with MGU as cause variable (Figure 9 (d)). This
shows that not being in the littoral nor in the Baetic depression is necessary
to have mainly a natural land use, since PNr¢(MGU, Natural) € [0.67,0.87].
In other words, mountainous areas (Sierra Morena and Baetic Systems) are
necessary for the natural areas to be dominant over the other land uses. The
results align with the fact that natural lands are predominantly located in the
Baetic Systems and Sierra Morena mountain ranges, as shown in Figure 2 (c)
(Gratzer and Keeton, 2017; Snethlage et al., 2022).

Figure 10 shows the results for variable WCrops, which measures the
percentage of woody crops in each municipality. It can be seen that none
of the variables shows a significant variation in conditional probability or
remarkable values of ACE (Figure 10 (a-b)). Considering the queries related
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to necessity and sufficiency, MGU and Pop might have a significant influence
on WCrops, but the width of the corresponding intervals poses a high level of
uncertainty on such statement (Figure 10 (c-f)). The rest of possible causes
are clearly not relevant.
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Figure 10: Intervals for the queries with W Crops as effect variable.

Finally, Figure 11 displays the results for variable Mized (percentage of
heterogeneous lands). The only causal effect in terms of difference in con-
ditional probability and ACE is provided by variables Pop and MGU (Fig-
ure 11 (a-b)). It is highly unlikely that all variables except MGU and Pop
are necessary (see PN, PNrc and PNS in Figure 11 (c), (d) and (f), respec-
tively), but even for these two variables there is paramount uncertainty in
terms of PN. However, PNrc clearly points towards the facts that not being
in the littoral nor in the Baetic depression and having a low population den-
sity are both necessary conditions. On the other hand, the values of PS and
PNS clearly show that none of the variables are sufficient for Mized to have a
positive value (Figure 11 (e-f)). The results are consistent with the fact that
heterogeneous lands are the main land use in some areas of Sierra Morena
(Munoz-Rojas et al., 2011; Plieninger et al., 2021), coinciding with a concur-
rent trend of population decline in those regions, as shown in Figure 2 (c,d)
(Plieninger and Wilbrand, 2001).
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Figure 11: Intervals for the queries with Mized as effect variable.

7. Conclusions and policy recommendations

7.1. Conclusions

This paper proposes the application of counterfactual reasoning with BN
for analyzing socioecological systems. This approach tackles a limitation
of traditional probabilistic analysis, which cannot determine the nature of
the relation between variables (whether it is one of necessity or sufficiency).
To address this, we suggest employing a recently developed technique based
on the well-known EM algorithm for parametric learning in BNs with latent
variables. The advantages of this method are, first, that it allows the analysis
of observational data alone, unlike other methods that also require interven-
tional data, which may not be feasible to obtain. Secondly, since it is based
on well-established methods for BNs, it can be easily adopted by researchers
from diverse fields.

Note that the primary requirement for adopting this framework is the
definition of the causal graph. In the current study, this structure is spec-
ified by domain experts, ensuring interpretability. However, expert-derived
structures may be constrained by the availability of expert knowledge and
may not generalize well across domains. As future work, we will explore hy-
brid approaches that integrate expert knowledge with data-driven structure
learning techniques.

To demonstrate the utility of counterfactual reasoning, we have presented
a case study using an observational dataset containing information on so-
cioeconomic factors and land uses in southern Spain. Concerning population
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dynamics, our study indicates that immigration not only is necessary but
also sufficient for population growth. With respect to land uses, location
(flat vs. mountainous areas) and population density are the most influential
factors. In particular, a non-mountainous area and high population density
are likely to be necessary conditions for the presence of built areas, green-
houses, herbaceous crops, and woody crops. These factors are also likely to
be sufficient conditions for built areas and herbaceous crops. Conversely, a
mountainous area and low population density are likely to be necessary con-
ditions for the presence of natural areas and mixed crops. All these findings
underscores the power of counterfactual reasoning in uncovering relationships
within socioecological systems, in contrast to the plain use of BNs for which
only observational queries can be solved.

While this study provides valuable insights, further research could be
carried out to consider counterfactual queries with multiple cause variables,
for instance to determine whether simultaneous causes are jointly sufficient.
It could also be of interest to analyze such queries conditioned on other
relevant variables. Additionally, this methodology could be of considerable
interest for other topics within the environmental and ecological areas, such
as the study of species distribution or risk assessments.

7.2. Policy recommendations

Land-use change is a major driver of the distribution and functioning of
ecosystems. In rural areas, these changes have mainly occurred in two op-
posing directions: agricultural intensification in highly productive, typically
flat regions; and the abandonment of traditional practices in less productive,
often mountainous areas. Both trends are primarily driven by socioeconomic
factors. Therefore, intensification and abandonment are critical issues on the
political agenda of the European Union.

European environmental policy should be designed considering the inher-
ent uncertainty of socio-ecological systems. The application of counterfactual
reasoning using BNs at a regional scale (Andalusia) enables the identification
of variables that can be considered socio-ecological indicators. These indica-
tors provide valuable information for policymakers: environmental planning
in flat and mountainous areas must follow different strategies. Flat areas,
characterized by high population density, urban development, and intensive
agriculture, should consider proposals for sustainable intensification. Moun-
tainous areas, associated with low population density, natural landscapes,
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and heterogeneous crops, should prioritize policies aimed at preventing ru-
ral abandonment. Such policies should be embedded within holistic rural
development programs.

Code and data availability

The code and data-set used in the current study is available at the repos-
itory at https://github.com/PGM-Lab/2025-counterfactual-land.
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Appendix A. Structural causal models and Bayesian networks

Structural causal models (SCMs) (Pearl, 2009) are a specific type of prob-
abilistic graphical model used for causal and counterfactual reasoning. SCMs
can be formally defined as follows (Bareinboim et al., 2022).

Definition 1 (Structural causal model (SCM)). A structural causal model
M is a J-tuple (U, X, Fx, Py), where

e U is a set of exogenous variables that are determined by factors outside
the model;

e X is a set of variables {X1, Xo,...,X,}, called endogenous, that are
determined by other (exogenous and endogenous) variables in the model,
i.e. by variables in U U X.

o Fx is a set of functions {fx,, fxy, - fx,} called structural equations
(SE), such that each of them is a function fx, : Qu, U Qpay — Sx,,
where Payx, C X are the endogenous variables directly determining X,
and U; C U are the exogenous variables directly determining X;.

e Py is a set containing a probability distribution P(U) for each U € U.

Note that the structural equations Fx actually define a directed acyclic
graph (DAG) G called the causal graph of the model, whose nodes correspond
to the variables in UUX and containing a link from each variable in U;UPay,
to X;, 1 =1,...,n.

As an illustrative example, we will begin by examining Figure A.12, which
depicts two potential causal graphs for SCMs extending the BN presented in
Figure 1. The endogenous variables, represented as black nodes, correspond
to the variables originally found in the initial BN, specifically X = {M, I, A}.
These variables retain their original domains. In addition to the endogenous
variables, the causal graphs also incorporate exogenous variables, which are
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Figure A.12: Examples of two possible causal graphs for the problem shown in Figure 1.
U,V and W are exogenous variables.

depicted as gray nodes. In the left graph, the set of exogenous variables is
U = {U,V, W}, while in the right graph, it is U = {U, W}.

The distinction between the two causal graphs is as follows: the graph
on the left assumes the absence of any exogenous (and hidden) confounder
between any pair of variables. In contrast, in the graph on the right, variables
I and A are both influenced by the exogenous variable U. According to the
classification given by Avin et al. (2005), a SCM with a graph like the one
on the left is termed Markovian, meaning that each exogenous variable has
only one endogenous child. Conversely, a SCM with a graph like the one
on the right is termed semi-Markovian, indicating that any of the exogenous
variables can have more than one endogenous child?. It is important to note
that in both cases, all endogenous variables must have exactly one exogenous
parent. In other words, given the endogenous variables, each exogenous
variable is independent of the others, which is denoted as U; L U;|X for all
U;,U; € U x U with 7 # j. If this condition is not satisfied the model will
be classified as non-Markovian.

A parameterization for the previously mentioned SCM is illustrated in
Figure A.13. The set of marginal distributions associated with the exoge-
nous variables is Py = {P(U), P(V'), P(W)}. Conversely, the set of SEs is
represented by Fx = {fA(U7 I, M)a fI(‘/a M)? fM(W)}

In the formalism of SCMs, SEs are typically assumed to be provided, of-
ten derived from expert knowledge. Alternatively, SEs can be automatically

2Some authors consider a less general definition and limit exogenous variables in semi-
Markovian models to have no more than 2 children (Huang and Valtorta, 2006).
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Figure A.13: SEs and marginal distributions for the Markovian SCM in Figure A.12 (left).

inferred from the causal graph, without any loss of generality, via canonical
specification (Zhang et al., 2022). The states of an exogenous variable will
then represent all possible function mappings between its children domains
from their respective endogenous parents domains. In this sense, an exoge-
nous variable in a Markovian model, with X as its child, would require the
number of states given by the following expression.

Q| = 1Qx], if Pax =0, (A.1)
|Qx|¥rax! otherwise. '

In Figure A.13, the SEs associated with variables M and I are already
canonical, whereas the one for A is not, since the number of possible values
of U (10 in this case) does not match |[Q4]/®Peal (16 in this case). The SE
under the canonical specification for A and the corresponding distribution
P(U) are shown in Figure A.14.

As already considered in some works from the literature (Zaffalon et al.,
2020, 2024), a SCM can be specified as a BN as follows. First, the graphical
component is the same: the causal graph in the SCM is the DAG G in the
BN. In this way, the BN is defined over the union of the exogenous and
endogenous sets of nodes, i.e. V = U U X. Regarding the distributions in
Pv, each exogenous variable is associated with the corresponding marginal
distribution in Py, whereas each SE fx(Pay) induces a CPT of the form
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Figure A.14: Canonical SE for A and marginal distribution for exogenous variable U in
the Markovian SCM in Figure A.12.

P(X|Pax), characterized by containing only ones and zeros. More precisely,
for each (z,mx) € Qx X Qpa,, P(x|mx) takes the value 1 if fx(rx) = «
and 0 otherwise. For instance, Figure A.15 shows the SEs from the running
example represented as CPTs.

U U2 U3 U4
Wi Wo 1 1 0 07 M =uyes, [ =uyes
P(M|W) _ |: 1 0 :| M = yes P(I|M, V) _ 0 0 1 1 M = yes, I =no
0 1| M=no 1 0 1 0| M=no,I=yes
0 1 0 11 M =no,I=no
(5] U9 us Uy Us Ug (Vird usg Ug U0
rt 1 1 1 1 0 0 0 0 07M=uyes I=uyes, A=yes
o 0o o0 o O 1 1 1 1 1| M=uyes, I=uyes, A=no
1 0 1 1 0 1 0 0 1 0| M=uyes =noA=uyes
P(A|IM,I,U) = o 1 o0 o 1 0 1 1 0 1| M=uyes,I =no,A=no
1 1 0 0 0 1 1 1 0 0| M=nol=uyes A=uyes
0o o 1 1 1T 0 0 0 1 1| M=nol=yes, A=no
111 0o 1 1 1 0 1 1 | M =no,I =no,A=yes
Lo 0 0 1 0 O 0 1 0 04 M=nolI=noA=no

Figure A.15: SEs from Figure A.13 represented as CPTs. P(M|W),P(I|M,V) and
P(A|M,I,U) represent the same information as SEs fy, fr and fa, respectively.

Appendix B. Computing counterfactual queries in SCMs

While observational queries can be calculated directly in the original
model, interventional and counterfactual queries require applying graphical
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operations in the causal graph. Figure B.16 depicts the modified graphs for
various queries in the motivational example. Interventional queries are calcu-
lated in the so-called post-intervention model, which is the result of applying a
graphical operation involving the removal of incoming arcs into the intervened
variable and the replacement of its SE with a constant function that always
returns the intervened value. Denoting by Fg, the probability calculated in
a model with the causal graph G;, and taking into account for instance the
case of Gy, that depicts the post-interventional model after forcing I = yes,
the corresponding interventional query is P(Aj—yes) = Pg, (A|I = yes).

w W
. Y .
o— - . -~ o G <
I = yes A I A T A 1 A"
G1 Go
w 1474
//// \\\\ , ///// \\\\\ "
e e s ° 3
I =no A=mno [ A [:yes A:yes Vi A"
g3 Gy

Figure B.16: Graphs of the post-interventional and counterfactual models for calculating
various interventional and counterfactual queries in the SCM from Figure A.12 (left).
Observed variables and target variables are shown in blue and yellow, respectively.

Counterfactual queries can be computed using an extended model called
the counterfactual model (also known as the twin model). The twin model is
an SCM that includes endogenous variables from both the real and hypothet-
ical scenarios. This is achieved by duplicating the subgraph composed of the
endogenous nodes for the real scenario and then applying the intervention.

In the counterfactual model, the endogenous nodes in both the real and
hypothetical scenarios share the same exogenous parents, except for the inter-
vened variables. In Figure A.12, G5, G3, and G, are the graphs corresponding
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to the twin models for various counterfactual queries in the running example.

In G,, G3 and Gy, variables from the real scenario are M,I and A; variables
from the hypothetical scenario in which immigration is always present are
denoted with a single apostrophe, i.e. M’ I’ and A’; those from the hypothet-
ical scenario in which immigration is never present are denoted with double
apostrophe, i.e. M” 1" and A”. With this in mind, the query PNS(7, A)
can be calculated as Pg, (A" = yes, A” = no); PS(I, A) as Pg,(A" = yes|] =
no, A = no) and PN(I, A) as Pg,(A” = no|l = yes, A = yes).

Appendix C. Complexity discussion

The complexity of an SCM increases compared to the original BN. Each
variable gains an additional parent, the corresponding exogenous variable,
which increases the maximum in-degree by one. For the learning process,
the number of variables doubles: the original endogenous variables and the
exogenous ones. However, only the exogenous variables are trained. During
inference, the number of variables can triple in the worst case, as the twin
graph must also be considered.

The main limitation of the method is related to the exponential growth
of the cardinality of U, which is given by equation (A.1). For example, if
all variables are binary (|Q2x| = 2), with 5 parents, the cardinality becomes
1Qy| = 22" = 2% resulting in over 4000 million possible outcomes. This
implies that, to store only the probability values with 64-bit numbers, 32 GB
would be required. With 6 parents, this grows to 22° = 264 exceeding 18
quintillion outcomes. Such massive spaces make storing probability tables or
computing exact inference infeasible.
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